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1. Let Dg = (0,0 | 0® = e = 0% 00071 = p7!) be the dihedral group of order 12.
(a) Find the orders of the cyclic subgroups (o) < Dg and (g¢’c) < Dg, for all 0 < i < 5.

(b) Which of the subgroups in (a) is normal in D¢, and which is not? Give reasons for your
answer!

2. Show that every abelian group of order 2310 is cyclic.

3. (a) Prove that every complex number « is algebraic over R.
(b) Show that the quotient ring R[X]/(irrpolg(«)) is isomorphic to C, whenever o € C\ R.

(c) Prove that the quotient rings R[X]/(X2+aX +b) and R[X]/(X%+cX +d) are isomorphic,
whenever a, b, c,d € R satisfy a® < 4b and ¢? < 4d.

4. Find the addition table and the multiplication table of a field of order 4.

5. (a) Let K be a field, and let f(X) be a nonconstant polynomial in K[X]|. When is f(X)
called separable? Reproduce the definition!

(b) Let p(X) and ¢(X) be polynomials in K[X] that both are monic, irreducible and se-
parable. Assume moreover that p(X) # ¢(X). Is f(X) = p(X)q(X) separable? Proof or
counterexample!

PLEASE TURN OVER!



6. Given f(X) = ag+a1 X +as X?+a3X34+as X*+X5 € Zs5[X], prove the following assertions.
(a) If a1 = ag = a3 = ag = 0, then f(X) is not irreducible in Zs[X].
(b) If f(X) is irreducible in Z5[X], then f(X) is separable.

7. Explain why the problem of doubling the cube is not solvable by ruler and compass.

8. (a) What is meant by a Galois extension? Reproduce the definition!
(b) Let A be the field of all algebraic numbers. Show that Q C A is a Galois extension.

(¢) f Q C E C A is an intermediate field, then every field morphism ¢ : F — A can be
extended to a field morphism ¢ : A — A. Use this fact to show that the Galois group
Gal(A/Q) is infinite.

GooD Luck!



