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Solutions

1. Let {w;}, t = 0,1,2,... be a Gaussian white noise process with var(w;) = 2
and let
Ty = 1+2t+ 0.5wtwt_1wt_2 + O.4wt_1wt_2wt_3.

Calculate the mean and autocovariance function of z; and state whether it is
weakly stationary. (5p)

Solution: Because wy and w; are independent for s # t, the mean function is
given by
Mt = E(l‘t) =1+2t+ 0.5E(wtwt,1wt,2) + O.4E(wt,1wt,2wt,3)
=1+2t+ 0.5E(wt)E(wt_1)E<wt_2) + 0.4E(wt_1)E(U)t_2)E(wt_3)
=14 2t
Using
xy — pp = 0.0wywg_ywi—g + 0.4w;_ywy_swy_3,

the autocovariance function is found from

Y(t+h,t)

= cov(Tin, T1) = E{(Tesn — peyn) (0 — pie) }

= E{(0.5We 4 hWih—1 Wiy n—2 + 0.4Wp 1 Wi h—2With—3)
- (0.5wpwy w9 + 04wy _qwy_owy_3)}

= 0.5° B (Wi n Wit -1 Wep h— oWl 1Wy_2)

+ 0.5 - 0.4E (Wt h Wy h—1 Wiy h—2Wi—1 Wi _2Wy_3)

+ 0.5 - 0.4E (Wi h—1Wes h—2Wis h—3W W1 Wy—)

2
+ 0.4° B (Wit h— 1 Wig h—2Wi g h—3W— 1 Wy—2Wy_3).
Here, similar to above we have e.g. that

E(wt+hwt+h—1wt+h—2wtwt—1wt—2)
= E(w})E(w; ) E(w] 4)I{h =0} = 2°I{h = 0},

where I{A} =1 if A is fulfilled and 0 otherwise, and we get
Y(t+h,t)
= 93.(0.25I{h = 0} + 0.2I{h = —1} + 0.2I{h = 1} + 0.16I{h = 0})
= 3.281{h = 0} + 1.6I{|h| = 1}

3.28 ifh =0,
=< 1.6 if|h =1,
0  otherwise.

Because p; is a function of ¢, x; is not weakly stationary.
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2. For the ARMA(p, ¢) models below, where {w,} are white noise processes, find
p and ¢ and determine whether they are causal and/or invertible. (6p)

(a)

xy = 0.4x_1 + wy — 0.4w_q
Solution: We may write this model as
(1-04B)z; = (1 — 0.4B)wy,
from which it follows by cancellation of 1 — 0.4B on both sides that

x; = w;. Hence, we have a white noise process, i.e. p =q = 0.
White noise is both casual and invertible.

Ty = 0.51}_1 + wy + 0.5wt_1

Solution: This is an ARMA model ¢(B)x; = 0(B)w, with ¢(B) = 1—-0.5B
and 6(B) = 1+ 0.5B. The roots of ¢(z) and 6(z) are distinct, so this is
an ARMA(1,1) model, i.e. p=g¢q=1.

Since 0 = ¢(z) = 1 — 0.5z has the solution z = 2 and |2| = 2 > 1, the
model is causal. It is also invertible, since 0 = 6(z) = 1 + 0.5z is solved
by z=—-2,and | —2|=2> 1.

Ty = 1.537,5_1 + Tp_g + Wy

Solution: This is clearly seen to be an AR(2) model, i.e. p=2,¢=0. It
is invertible, since all AR models are. To see if it is causal, we check the
roots of

0=¢(2) =1-15z— 2%
i.e. 22+ (3/2)z — 1 =0, which are given by

/ / —3j:5
212———:]: ——:|:

i.e. z1 = 1/2 and zp = —2. Because |z1]| < 1, there is one root inside the
complex unit circle, and so, the model is not causal.

Ty = Ty—1 — 0.97_9 +wy — wy—y

Solution: We may write the model as ¢(B)x; = 6(B)w; with
¢(B)=1—B+0.5B?and §(B) =1— B. 0 = 6(z) = 1 — z gives the root
z =1, and since ¢(1) # 0, there is no common root. Hence, we have an
ARMA(2,1) model, i.e. p=2, ¢ =1.

The MA polynomial root is on the complex unit circle, and so the model
is non invertible. Is it causal? We need to solve

1
O:¢(z):1—z+§z2,

i.e. 22 — 2z + 2, which has the roots
=14V _2=1+v 1=1+i

Hence, |212*> = 2 > 1. Both roots are outside the complex unit circle,
implying that the model is causal.



3. Let {w;} be a white noise process with variance o2 and define the stationary
process x; through

T = 01241 + Wy + 01wy + Owy_s.

We have observations x1, ..., x199. The maXimu{n likelihoqd estimatgs of the
parameters are given by a computer program as ¢; = 0.45, #; = 0.20, 6, = 0.15
and 62 = 2.5.

(a) Calculate approximate standard errors of él, 6, and 6. (4p)

Solution: This problem became more difficult than intended! Write
¢(B)x, = 0(B)wy, where ¢(B) =1 — ¢ B and 0(B) = 1+ 6, B + 6, B
The sample size n = 100 may be thought of as large. From Property 3.10
in the course book, the asymptotic covariance matrix of the estimators
(¢1,01,0,) is given by n~'o2I'~!, where

r r
I = ¢+ b : 1
( oy D'og (1)

Typ =00/ (1= ¢7), (2)

with
as for ¢(B)y; = w; and

ro 1+60, -6y o (3)
b0 —01 140y ) (1 —0,){(1+6,)2— 62}’

as for 0(B)z, = wy, see the book. Moreover, we have

s () =t 5

Noting that

cov(zy, wi) = cov(—0121 — Oazi o + wy, wy) = 02,

we may derive the equations

Yoy (0) = cov(—bh 21 — Oa2i o + we, Grys—1 + wy)
= —$101724(0) — 10272y (—1) + 0o,
Vay(1) = cov(—012; — Oaz—1 + Wipr, Prye—1 + wy)
= —$1017:y(1) — $102724(0) — 0107,
Vay(1) = cov(—012 — O224—1 + Wei1, Yt)
= —01724(0) — O272 (1),

which we may rewrite as

(14 61601)724(0) = —¢16272y (1) + 03, (5)
(1 + @101)724(1) = —$162724(0) — 910121” (6)
Yoy (1) = —01724(0) — 0272 (—1). (7)



From (7), we have —097,,(—1) = 7.5(1) + 6172,(0), which we may insert
into (5) to get

Yy (0) = G172 (1) + o (8)
Next, inserting (8) into (6), we obtain
102 + 01 9

z 1) =— ’
() T+ 10 + 620, "
which from (8) yields

P1602 + 04 2 2 U%u
1 57 O ‘o, = 34
1+ 101 + 9705 1+ 101 + 9705

Yoy (0) = —¢

Now, plugging in the parameter estimates into (1)-(4), we obtain

A 1.2539  0.8926 —0.2388
(62)'T'=| 0.8926 1.0549 —0.1835 |,
—0.2388 —0.1835 1.0549

from which we get the diagonal elements of the inverse &fuf_l as 2.0329,
2.3843, 0.9911, giving the standard errors for ¢, #; and 65 respectively

as 1/2.039/100 = 0.1426, 1/2.3843/100 ~ 0.1544 and
1/0.9911/100 =~ 0.0996.

Calculate a 95% confidence interval for ¢;. (2p)

Solution: Because of asymptotic normality, a confidence interval for ¢,
with approximate 95% confidence level is given by the estimate + 1.96
times the standard error as

0.45 4+ 1.96 - 0.1426 = 0.45 + 0.28 = (0.17, 0.73).



4. Consider the process
Ty = 0.91',5_1 — 0'2$t—2 + wy + O.5wt_1

where {w;} is normally distributed white noise with variance o2 = 0.2. We
observe x; up to time t = 200, where the last four observations are x19; = 0.2,
T198 = 02, T199 = 0.1 and T200 = 0.1.

(a) Predict the values of x99, and z902. Approximations are permitted. (4p)

Solution: We will calculate truncated predictions by using the AR repre-
sentation m(B)x; = wy. We have

(1+0.5B)w; = (1 —0.9B + 0.2B%)x,

which yields
7(B)(1+0.5B)w; = (1 — 0.9B + 0.2B*)7(B)x; = (1 — 0.9B + 0.2B*)w;.
Hence, with 7(z) = 1+ m 2z + mz? + ..., we need to solve

(14 mz+m2? + m32° +..)(1+0.52) = 1 — 0.92 + 0.22%
ie.
1+ (m +0.5)z + (mp 4+ 0.5m) 22 + (73 + 0.5m2)2° + ... =1 —0.92 + 0.22%
which yields

m=—-05—-09=-14,
mo = —0.5m + 0.2 =0.9,
w3 = —0.5my = —0.45,
my = —0.5m3 = 0.225,
w5 = —0.5my = —0.1125.

The truncated predictions become

Too1 = —T1T200 — M2L199 — ..
~ —(—1.4)-0.1—0.9-0.1 — (—0.45) - 0.2 — 0.225 - 0.2
= 0.095
and
Tooe = —M1T201 — M2T200 — M3L199 — .-

o —(—1.4)-0.095 — 0.9 0.1 — (—0.45) - 0.1 — 0.225 - 0.2

~(—0.1125) - 0.2

= (0.0655.



(b) Calculate 95% prediction intervals for zo9; and ;. (2p)

Solution: The mean square predicion error m steps ahead is given by
o2 Z;n:_ll ]2-, where the 9); are the coefficients in the MA representation,
with 19 = 1. We only need to find ;. To this end, z; = ¥(B)w,; implies

Y(B)(1—=0.9B +0.2B*)z; = (1 + 0.5B)y(B)w; = (14 0.5B)xy,
so that with ¢(z) = 1 4+ ¢z + ..., we have
(1412 +..)(1 =092 +0.22%) = 1 + 0.5z,

implying ¥1 — 0.9 = 0.5, i.e. ¢ = 1.4.
With 02} = 0.2, this gives the 95% prediction interval for x5, as

0.095 4+ 1.96v0.2 = 0.095 £ 0.877 = (—0.782, 0.972),
and for o920, we find the corresponding interval

0.0655 4+ 1.964/0.2(1 + 1.4%2) = 0.0655 £ 1.5081 = (—1.443, 1.574).



5. A time series {z;} follows the model

z; = (1 —0.5B)(1+ 0.8B8"w,,

where {w;} is normally distributed white noise with variance o2 = 1.

(a)

2 =
Calculate the autocovariance function. (2p)
Solution: We write the model as
z; = (1 - 058+ 0.8B" — 0.4B%)w;
= w; — 0.5w—1 + 0.8wy—y — 0.4w;_s,
which gives the autocovariance function as
V(h) = cov(Tin, Tt)

= cov(wt+h - 0.5wt+h_1 + 0.8wt+h_4 - O.4wt+h_5,
Wy — 0.5wt,1 -+ O.Swt,4 — 0.4/11],5,5).
This gives a sum of 16 terms. If |h| = 2 or |h| > 6, we can check that
they are all zero. For other h, we can take them case by case and come
up with the expression
v(h) = (1 +0.5* 4+ 0.8+ 0.4*)[{h = 0} + (0.5 — 0.8 - 0.4)[{|n| = 1}
—0.5-0.8I{|h| =3} + (0.840.5-0.4)I{|h| =4} — 0.4I{|h| = 5}
= 2.05I{h =0} — 0.82I{|h| = 1} — 0.4I{|h| = 3} + I{|h| = 4}

— 0.4I{|h| =5}
2.05 ifh=0,
—0.82 if || =1,
= —04 if |h| =3 or 5,
1 if |h| =4,
0 otherwise.
Calculate the spectral density of x; at the frequency w = 0.25. (2p)

Solution: We may use the result from (a) and the general fomula for the
spectral density to obtain

o0

Fw) = 3 Alh)emien

h=—o00
=205 — 0.82(627”'00 + 6727”‘0.7) o 0.4(667”@.) + e*ﬁﬂ"iw)
+ (687riw + 6—87Tiw) _ 0.4(6107riw + 6—107riw)
= 2.05 — 1.64 cos(2mw) — 0.8 cos(6mw) + 2 cos(8mw) — 0.8 cos(107w).

Hence,
s 3 5%
£(0.25) = 2.05 — 1.64 cos (5) — 0.8cos ( - ) + 2cos(2m) — 0.8 cos ( =
—2.05-1.64-0—08-0+2-1—0.8-0= 4.05.

Alternatively, one may use the formula f(w) = o2 |0(e~*")]2.
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(c) Let
1
Yt = Z(xt + 21+ T+ 2y3).
Calculate the spectral density of y; at the frequency w = 0.25 and discuss
your results. (2p)

Solution: Write y, = A(B)x; where

1
A(B) = Z(l + B+ B*+ BY).

We will make use of the formula
fyy(w) = ’A(6_27riw)‘2fx:c(w)>

where f.(w), fyy(w) are the spectral densities of the input and output
repspectively, and where A(e™?™*) is the frequency response function,
with A(-) as above. Here,

Al

= A(e ™) A(e*™™)
_ % (14 e72m 4 gimio 4 =6miw) (1 4 pmiw | cdmiv | oriv)

_ % {4 4 3(e2me 4 ¢2mw) 4 g(ghmiv 4 pmimiv | bries 4 o~6miw)
— % {4 + 6 cos(2mw) + 4 cos(4mw) + 2 cos(6mw) } .

Inserting w = 0.25 = 1/4 here, we get

1 us 3T
— {4 (5) +4 2cos |
16{ + 6 cos 5) cos(m) + COS( 5 )}
1
= —{4+6-04+4-(-1)+2-0} =0,
implying via (b) that
F,s(0.25) = 0 4.05 = 0.

This is not surprising, since the seasonal filter kills the corresponding
seasonal frequency in the input series.



6. Four time series of length 200 were generated. Their estimated ACF and PACF
are given in figures 1-4 below. Figures 5-7, given in a "random" order, in turn
depict the estimated spectral densities for three of them (spans=8).

Match three of the figures 1-4 with figures 5-7. Motivate your answer.  (5p)

Solution: We can start by looking at figures 5-7. Figure 5 exhibits peaks at
roughly 0.08 and multiples thereof, so it is probably the estimated spectral
density of a series with period around 12 ~ 1/0.08. The ACF and PACF in
figure 4 seem to correspond to that, since they both have peaks at lag length
12.

In figure 6, there is a peak at 0.25, corresponding to a series with period 4.
This should correspond to the ACF and PACF of figure 3, which both have
peaks at lag length 4.

Finally, figure 7 displays no seasonality. The estimated spectral density is
higher for low frequencies than for high ones, and this should correspond to a
series with positive correlation on low lags. Comparing the ACFs of figures 1
and 2, we find a positive lag one correlation in figure 1, but in figure 2, the lag
one correlation is negative. This points at figure 1 as the best match here.

So in summary, the figures correspond to each other according to 1-7, 3-6 and
4-5. (Figure 2 is left with no match.)



7. Consider the GARCH model

Yy = Oi€y,

2 2 2
o, =oap +ary;_ + Bio;_y,

where the ¢ are i.i.d. N(0,1).

(a)

Show that E(y;) = 0. (1p)

Solution: Let Yy = {ys, Ys—1, ...}. i.e. all information gathered up to time
s. By the law of iterated expectations, we have
E(y) = E{E(yu|Yi-1)} = E{E(0w|Yi-1)} = E{ovE(&:|Yi-1)}
= FE{oF(e)} = 0.
Here, the third equality follows because oy is a function of Y;_1, the fourth

equality follows because ¢; is independent of Y;_;, and the last equality
follows since E(¢;) = 0.

Show that if ay + 1 < 1, then

Qo
Var(y;)) = —————.
(9) l—ar— 5
Without proof, you may assume that 1, is stationary. (2p)

Solution: At first, let v; = y? — 7. Then,

v = B =y — o = Bilyi — or-0)
=y — By — (07 — Bropy)
=y = Pyl — (0 + oay/ )
=y; — a0 — (a1 + Bu)yiy,

where the third line follows from the second model equation. Hence,

yr = ap + (o1 + B)yrs + v — Brup1. (9)

(Instead of this derivation, it is permitted to refer to p.258 in the course
book.)
2

Moreover, writing v; = o2(e? — 1), we have as in the solution to (a) that
E(v) = E{E(o}(¢f = D)[Yi1)} = E{o} E(ef — 1[Yi1)}
= E{o’E(e - 1)} =0.
Now, by the stationarity of y;, Var(y;) does not depend on ¢, and (a) and
(9) imply
Var(y,) = E(y;) = ao + (o1 + B)E(yi_y) + E(vr) — BB (ve-1)

= + (a1 + ﬂl)Var(yt),

and solving for Var(y;), we obtain

&%)

Var(y,) = [
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(¢) Let By = 0 and assume that |o;| < 1/4/3.
Derive a formula for F(y}) as a function of ag and a;.
You may use without proof that E(e}) = 3.

Solution: As in (a), we have by the hint that
E(y; Y1) = E(0}e;[Yi1) = 0, E(e[Yi-1) = 07 E(e;) = 307,
and using o7 = ap + ayy7_;, we thus obtain

E(y}) = E{E(y}|Yi-1)} = 3E{(a0 + aryi_1)*}
= 3{ag + 2001 E(y;_,) + o1 E(y),)}

Hence, by stationarity and (b) with 5, = 0,

«
Blst) = 3{ad + 2000 2 + 03B .

and solving for E(y}), we obtain

2 _Qo
E<y4) _ 3 (Oéo + 2a90; 1—a1> _ 305%(1 + Oél) '
¢ 1 —3a? (1—a)(1—3a3)

Note that the condition |ay| < 1/v/3 is equivalent to 1 — 302 > 0.

11
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Appendix: figures
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Figure 1: ACF and PACF for one of the series in problem 6.
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Figure 2: ACF and PACF for one of the series in problem 6.
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Figure 3: ACF and PACF for one of the series in problem 6.
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Figure 4: ACF and PACF for one of the series in problem 6.
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Figure 5: Estimated spectral density, problem 6.
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Figure 6: Estimated spectral density, problem 6.
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Figure 7: Estimated spectral density, problem 6.
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