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Grades 3, 4, 5 normally requires at least 18, 25, 32 credits (including any bonus points).

1. Consider F = {E € R : either E is countable or E¢ is countable.

a) Show that F is a o-algebra. (3)
b) Find a measure p on (R, F) such that the only p-null set is (). (2)

2. Let f(z) =27Y2if 0 <z < 1, f(x) = 0 otherwise. Let {r,}>, be an enumera-
tion of the rational numbers, and set g(z) =Y~ 27" f(x — r,,). Show that g is
finite almost everywhere with respect to Lebesque measure on R. (5)

3. Let u be a finite measure on a measurable space (X,.A). Let f and fi, fa,... be

A-measurable functions on X such that f,, — f, pu-almost everywhere. Assume
that the sequence (f,,)$° also satisfies the property

lim sup/ |fuldp =0 (%)
{Ifnlza}
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a) Show that f is integrable. (2)
b) Show that the sequence h,, = |f, — f| also satisfies property (x). (2)
c¢) Show that f, — f in L'(p). (2)

4. Forn > 1, let

o1
K, =" / In (- . 1) e dy.
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Show that there is a constant C', such that
K,—Inn—C, n— oo (6)

[Can you identify C' and give an approximate numerical value? 1 bonus point]

5. Let p and v be o-finite measures on a measurable space (X, .A). Show that there
exists measurable disjoint sets A, B € A, AN B = (), such that X = AU B is
a partition with p and v equivalent (mutually absolutely continuous) on A and
singular measures on B, that is

u~v on (AJANA) and plv on (B, ANB). (6)

Hint: consider p+ v as a reference measure

V.g.v.



6. Let f,(z) = ae™®* — be " 7 >0, where 0 < a < b. Show that

) Yoot Jo falz)dz =0;

) D02 fa(z) is integrable on [0, co) with respect to Lebesgue measure;

) Jo 2Xnii fal) dz =log(b/a); and

d) determine > 07| [*| fu ()| da. (6)
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7. Let (X, A, ) be a measure space and fix p € [1,00). Let {f,}n>1 and f be
functions in LP(X, A, ). Suppose lim,, . || fn — fll, = 0. Show that for every
e > 0, there exists § > 0 such that for all n > 1 we have

/ |ful? dpw < € whenever u(E) < 4. (6)
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