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Joérgen Ostensson Complex Analysis
2018-05-31

Writing time: 08.00 — 13.00. Allowed aids: Writing materials. Fach problem has a maximum
credit of 5 points. Bonus points from the homework assignments will be added to your exam
result. For the grades 3, 4 and 5 respectively, one should obtain at least 18, 25 and 32 points,
respectively. Solutions should be clearly written and properly explained.

1. Find all functions f = u -+ ¢v which are analytic in C such that
u(z,y) = 22 — 3zy? — 4oy + 3y.

The answer should be given as an expression in the variable z = z + 1y.

2. Find a conformal mapping which maps the sector {z 1§ <argz < 2{} onto the open unit
disk centered at the origin, so that the point 4 is mapped to the origin.

3. Find the Laurent series expansion of the function

0= gpes

in the annulus 1 < |z — 1| < 4.

4. Calculate the value of the integral

[ee} eiw:):
/.oo @1 ™

for w e R.

5. Determine the number of zeros of the polynomial
p(z) =2 —2° — 22> —42 -3

in the right half-plane Rez > 0.

6. The function f is analytic in the whole complex plane with the exception of a double pole at
the point z = 1, where the residue is 3. Furthermore, f(0) = f/(0) = 1 and

lim & = 0.

z=o0 2

Show that the function f is uniquely determined, and find f.
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7. Let Cy denote the positively oriented boundary of the square whose edges lie along the lines
e=%(N+3r and y=H(N+ Dy,

where NN is a positive integer.

(a) Show that
N
dz (1 (-1)"
/CN Z?sinz 2mt <€ +2Z n2r? ) '

(b) Carefully explain how it follows that
i (_1)71,-!-1 _
— n? 12

[Hint for (b): It holds that |sin 2|* = sin® z + sinh®y, z = z + iy

8. Let f(z) = >, an2" be a function analytic in the disk |z| < 1 satisfying

1
FENS g <L
Prove that the coeflicients a,, satisfy the inequality
1 n+41
‘anIS'(n——*—n)—“a n=1,23,...

n

GOOD LUCK!
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Svar till tentamen i Complex Analysis 2018-05-31

1. f(2) = 23 + 2622 — 3iz + iC, where C is a real constant.

2+
2. = .
f(z) 23 _2
00 (=1
3. f(z)= Z an(z — 1)", where a, = gn¥t 0T 20,
n=—00 2 , <-1

4. gu + Jw|)e .
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