TENTAMEN - LINEAR ALGEBRA 1l 2020/03/16

JULIAN KULSHAMMER

ENGLISH VERSION

Time: 8.00-13.00. No aids allowed except a pen. All solutions should be accompanied with
justifications.

Each of the following exercises is worth 5 points, i.e. the total score of the tenta is 40 points.
If you achieve 18, 25, or 32 points, respectively, you will receive grade 3,4, or 5.

Up to 4 bonus points from the dugga on 2020/02/21 can be used for this tentamen.

1. (i) Which of the following subsets are subspaces of the given vector spaces? Justify your

answer.
s

o U = y|l eR|x+3y+2=0, y—22=0
z

o Uy = {p € P<u(R) | p(z) = p(—2)},
o« Uy — {A € Myys(R) ' A2 — (é (1)) }

(ii) For each subspace in (i) determine a basis and give its dimension.
Possible solution 1a: (i) e We see that U; = N(A), the null space of the matrix A =

01 =2
A € M,,xn(R) is a subspace of R, therefore U, is a subspace of R?.

e We have to check the subspace criteria, i.e. that Us is not empty, closed under
addition, and scalar multiplication. For the former, we see that the constant
zero polynomial 0 is in Uy as 0(z) = 0(—x) for all z € R. To check that Us is
closed under addition let p,q € U,. Then p(z) = p(—x) and ¢(z) = ¢(—x)
for all x € R. Therefore, (p + q)(x) = p(x) + q(x) = p(—x) + q(—x) =
(p+ q)(—=x) for all z € R. Thus, p+ g € Us. To check that U, is closed
under scalar multiplication, let p € Uy and A € R. Then p(z) = p(—=x) for
all z € R and therefore (Ap)(z) = A(p(x)) = A(p(—z)) = (Ap)(—=) for all
2 € R and therefore Ap € Us,.

e The subset Us; is not a subspace of Msyo(IR) as the zero vector of Msyo(R),

2
. (0 0 \ . 0 0 10
that is (O 0) doesn’t satisfy (O O) = (0 1>.

(i) e We can determine the dimension of U; by means of the rank-nullity theorem.
This says that dim N(A) = n — rk(A) where n is the number of columns of
A. In this case we get that dimU; = dim N(A) = 3 — 2 = 1. Therefore,
every non-zero vector in U; forms a basis of U;, an example of a basis is
-7
given by 2
1

(1 31 ) We know from the lecture that the null space of every matrix
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e To find a basis for U, we write out the condition p(z) = p(—=z) for an
arbitrary polynomial p(z) = ag + a17 + axx® + azx® + a42®. It means that

4 4

ao + a1z + asx? + azz® + azt = ag — a1z + agr? — asz® + agxt.

Comparing coefficients we see that a; = 0 and a3 = 0 are the only conditions.
Therefore U, is spanned by 1,22, 2* which are also linearly independent and
thus form a basis of U,. Since U, has a basis with three elements, it is
three-dimensional.

Possible solution 1b: (i) e We use the subspace criteria to show that U; is a subspace
by showing it is not empty, closed under addition and scalar multiplication.

0 x x
For the former note that | 0| € U;. Let [y |, | v | € Ui. This means
0 z 2
that t+3y+2=0,y—2z2=0and 2/’ + 3y + 2 =0,y — 22 = 0. We
x+a
want to check that | y + 4’ | is also in U;. We check the conditions:
2+ 2

(x+2)+3y+y)+(z+2)=@+3y+2)+ @ +3y+2)=0
and

(y+y)—20z+2)=Wy—22)+(y —22) =0.

r+a x
We can conclude that | y+4' | € U;. Similarlyif A€ Rand [y | € U;
z4 2 z
x
then A\ [y | € U; since (Az) +3(\y) + Az = AMx +3y +2) = 0 and
z

Ay —2(Az) = ANy — 22) = 0.

e Define a map f: P<4(R) — P<4(R) via f(p) = p(z) — p(—z). We check
that this map is linear: f(p+q) = (p+ ¢)(x) — (p+ q)(—x) = (p(z) —
p(—2)) + (a(x)—a(—2)) = F(p)+ Flg) and F(Ap) = (Ap) () — (Ap) (=) =
Ap(z) — p(—z)) = Af(p). We conclude that U, is a subspace since it is
equal to the kernel of f, which we know is a subspace using results of the

lecture.
e The subset Us is not a subspace since for example A = (1) (1)> € Us, but
2 0\. . . ) 10 .
2A = g o] isnotin Us since (2A)* = 4A # 01 and therefore Us is

not closed under scalar multiplication.
(ii) e \We solve the linear system of equations z+3y+z = 0 and y—2z = 0. We see
immediately that there is one free parameter z = ¢ and that x and y are bound
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-7
variables given as y = 2t and x = —7t. Therefore, U; = span(| 2 |) and
1
-7 -7
since | 2 is non-zero, it is linearly independent and thus 2 is
1 1

a basis of U;. Since the basis only has one basis vector, dim U; = 1.
To compute the dimension of U,, we use the dimension formula for linear
maps for the linear map f defined in (i). This says that

dim P<4(R) = dim ker(f) + dim Im(f).

Therefore, dim Uy = dim P<4(R) — dim Im(f). To compute the dimension
of Im(f) we compute f(p) for some p(x) = ag + a12 + asx? + azx® + asz?.
We see that f(p) = 2a1z + 2a3z® and therefore Im(f) = span(z, 2?). It
follows that dimIm(f) = 2 and thus dimU; = 5 — 2 = 3. It therefore
suffices to find three linearly independent vectors in Us. It is easy to see that

1, 2% x* are such vectors and therefore {1, 2% 21} is a basis of Us.
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1 1 —1 -3 1 —1
2. Let B = 11,12 ),11 and C' = T, (1], 2
—1 —1 2 —1 3 1

(i) Prove that B and C are bases of R3.
(ii) Compute the base change matrix Pg. ¢ from C to B (the notation of the course book

is PC’—>B)-
1
(iii) Let v € R? be the vector which satisfies [v]c = | 1 |. Determine [v]3.
1

Possible solution 2a: (i) Since dimR? = 3 it suffices to show that B and C are linearly
independent. To show that B is linearly independent we have to show that the
linear system of equations

1 1 -1 0
M T +X|l 2 +X11]=10
-1 -1 2 0

has only the trivial solution. We solve the system using Gaussian elimination:

1 1 - I1—-111T+1 1 1 _1
1 2 1 S o1 2
1 -1 2 00 1

This has only the trivial solution and therefore B is a basis of R?. Similarly, to
show that C is linearly independent we have to show that the linear system of

equations
-3 1 -1 0
Ml T+l +X] 2 |=1]0
-1 3 1 0

has only the trivial solution. We solve the system using Gaussian elimination:

31 -1 11 e (112 11 2
11 Il g 1 ML g 4 5 YIS [0 4 5
—-1 3 1 ~1 3 1 0 4 3 00 —2

At this stage we can see that this has only the trivial solution and therefore C' is
a basis of R?.

(i) The base change matrix Pp, ¢ is the matrix whose columns are the coordinate
vectors of the vectors in C with respect to the basis B. To compute it, we thus
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have to solve the following three linear systems of equations:

1 1 —1 -3
)\1 1 + )\2 2 + )\3 1 = 1
—1 -1 2 —1
1 1 —1 1
M1 1 + fi2 2 + 3 1 =11
—1 —1 2 3
1 1 —1 —1
—1 -1 2 1

Since the left hand sides coincide we can solve it using the following Gaussian
elimination:

L1 131 -1\ /11 -1[-31 -1
1 2 1/1 1 2 Y01 214 0 3
-1 -1 2 |-1 3 1 00 1/|-44 0
i (L1 O 5 -1 10 0|-19 13 —4
—2IILI+ 010/12 =8 3 | 01012 -8 3
00 1/—4 4 0 00 1| -4 4 0
-3 19 1 13 1 4
We have 1 = 12 |, 1 = | -8, 2 =13
-1/ |, —4 3/, 4 1/, 0
and therefore we obtain
~19 13 -4
Pseo=| 12 -8 3
—4 4 0

(iii) We use the formula Pp, ¢[v]c = [v]p to obtain that

~19 13 —4\ /1 ~10
=12 -8 3 |[1|=( 7
—4 4 0] \1 0

Possible solution 2b: (i) Since dimR?® = 3, it suffices to show that B and C' are linearly
independent. For showing that B is linearly independent we have to show that

1 1 -1 0
M 1T ]+Xl 2 +X 1] =10
—1 —1 2 0
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only has the trivial solution. From Linear Algebra | we know that we can check
this by computing the determinant of the corresponding matrix.

1 1 -1

det( _11 _21 ; ):1'det((_21 ;))—1-det(<_11 _21)—1det((; _11))

—1-(44+1)-1-2-1)—1-(1+2)=1.

Since the determinant is not equal to zero, it follows that B is a basis of R?.
Similarly for C' we compute that

-3 1 -1

der(| 1 2 ):—3det((;) f))—met((_ll f)-ma((_ll §)>

—3-(1-6)—1-(1+2)—1-(3+1) =38

(i) We use the formula P, ¢ = Pp. gPg.c = (Pr.B) 'Pg.c, where E is the
standard basis of R?. The matrix Pg. ¢ is the matrix whose columns are the basis

-3 1 -1
vectors of C, i.e. Pg.c=| 1 1 2 |. We need to compute the inverse of
-1 3 1
the matrix Pr. p using Gaussian elimination:
1 1 —-1/1 0 O e 1 1 — 0 0
1 2 1]/010 RS S| 1 10
-1 -1 2 (0 0 1 00 0 1
T 1 102 0 1 1 00 — 3
LI 010[/-31 -2 ]:5010—31—2
0011 0 1 00 1] 1 0 1
Therefore,
5 —1 3 -3 1 -1 -19 13 -4
Ppec=|-3 1 2|1 1 2]=]12 -8 3
1 0 1 -1 3 1 —4 4 0
(iii) Let v be the vector with [v ) This means that
- -3
v=1- 1 1. 1 1. 2 — | 4
—1 3 1 3

To determine the coordinate vector of v with respect to the basis B, we need to
write v as a linear combination of the vectors in B, i.e. find A\, A2, A\3 € R such



TENTAMEN - LINEAR ALGEBRA Il 2020/03/16

-3 1 1 -1
4 =M1 ]+Xl2|+x]|1
3 —1 —1 2
We solve this system using Gaussian elimination:
1 1 —-1|-3 — 11 —1]-3
1 2 1|4 S0 27
-1 -1 2] 3 00 110

We apply backwards substitution and obtain A3 = 0, Ay = 7, and \; = —10. In
other words,
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3. Let P-,(R) be the space of all polynomials of degree at most n.
(i) Determine whether or not the polynomials
pi(z) =1— 2%
po(r) =2 + 5z + 2%,
p3(z) = —4x + 322

are linearly independent in P<»(R).

(i) Show that the function f: P-y(R) — P (R) given by f(a + bz + cx?) = b+ cx is
linear.

Possible solution 3a: (i) We have to determine the solutions to
A1 —2%) + Xa(2 + 52 + 2%) + A3(—4z + 32%) = 0
Comparing coefficients this yields the system of equations

Al +2X =0
5)\2—4)\3:0
A+ A +3A3=0

We solve this system using Gaussian elimination:

1 2 0 12 0 , 12 0
I17—=11

0 5 —4| ™05 4] =05 -4

-1 1 3 0 3 3 00 %

5

Thus, the system has only the trivial solution and therefore, p;, ps, and p3 are
linearly independent.

(i) To show that f is linear, we have to show that f(p + q¢) = f(p) + f(¢) and
f(Ap) = Af(p) for all p,q € P<»(R) and all A € R. To show the former let
p(x) = a; + bix + c12? and q(z) = as + bax + cox? be in Po(R). Then

f(p + Q) = f(((ll + CLQ) + (bl + bg)x -+ (Cl + CQ)I2) = (bl + bg) + (Cl + CQ).I‘
= (b1 + az) + (b + c2x) = f(p) + f(9)
and
FAp) = f((Aar) + (Ab)x + (Aep)z?) = Aby + (Aer)z = A(b1 + c12) = Af(p).

Thus, f is linear.
Possible solution 3b: (i) Let B = {1,z,2?} be a basis of P<;(R). Since

cp: PSQ(R) — Rg,pf—) [p]B
is injective, we know that {pi, ps, p3} is linearly independent if and only if

{eB(p1), cB(p2), ca(ps3)}
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are linearly independent. We see that

1 2 0
cg(p)=| 0 ) ,cplp2)=|5].calps)=|—4
-1 1 3
To show whether these are linearly independent, we have to determine whether
1 2 0 0
>\1 O + /\2 5 + )\3 —4 - 0
—1 1 3 0

only has the trivial solution. To determine this, we know that we can check whether
the determinant of the corresponding matrix is non-zero:

20 5 —4 2 0
det(| 0 5 —4|)=1"-det( )+ (—1) - det( =19+ 8 =2T7.
11 3 1 3 5 —4

Thus, p1, po, p3 are linearly independent.

(i1) Recall cp from part (i) is an invertible linear map and the analogous map cp : P<;(R) —
R% p + [p]p where B’ = {1, z} is also invertible and linear. Since the composi-
tion of linear maps is linear, it suffices to show that g = cp fcg' is linear (since
then f = c5/gcp is linear). We compute that

a
g(| b |) = cnfep'(

¢
a
1
:cgg(b—{—cm):(g:(g 0 (1)) b
¢

Thus, g: R3 — R? is given by multiplication with a matrix and therefore linear. It
follows that f is linear.

) = g fla+ br + ca?)

o o R
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3 -1 =2
4. (i) Compute the eigenvaluesof A= | -1 3 —2| € M;,3(R).
-2 -2 4

(ii) For each eigenvalue, determine a basis of the corresponding eigenspace.
(iii) What are the eigenvalues and corresponding eigenspaces of A3? Justify your answer.

Possible solution 4a: (i) The eigenvalues of A are the zeroes of the characteristic polyno-
mial y4(A) of A.
3—X\ -1 —2
—xa(A) =det(A— \3) =det(| -1 3—-X =2 )
—2 -2 4=

—(3-1) 01e1;((3__2A __2>\))—|—1det((:; 4__2)\))—2det((3__1)\ :g))
=B-N(B=-MN4=-N—=-4)+(—-4d=X1)—4)—-2(2+2(3=21N))
=—-AA—4)(A—6)

Thus the eigenvalues of A are 0, 4, and 6.

(ii) The eigenspaces of A are the null spaces of A — AI for the eigenvalues \. We
compute them using Gaussian elimination. For A = 0:

3 -1 -2 -1 -3 -2 s 11l -1 -3 -2 1 -3 -2
—1 3 —2| ™3 1 2T 0 o8 8| T |0 8 -8
-2 =2 4 -2 =2 4 0 -8 8 0O 0 O
Using backwards substitution, we obtain that A\ = Ay = A3. Thus, a basis of
1
E(0,A) is given by 1
1
For A = 4:
-1 -1 =2 II-I,111-21 -1 -1 =2
-1 -1 -2 ST 0 0 0
-2 =2 0 0 0 4
Using backwards substitution, we obtain A3 = 0 and \; = —\y. Thus, a basis of
1
E(4,A) is given by -1
0
For A = 6:
—3 -1 -2 —1 -3 -2 —1 -3 -2 —1 -3 -2

_a. 9. Irr—irr
1 -3 9|3 1 oI 8 4 e 0 8 4

-2 -2 =2 -2 =2 =2 0 4 2 0O 0 0
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Using backwards substitution, we obtain \y = —%)\3, AN = —%/\3. Therefore,
_1
—; is a basis of E(6, A).
1

(iii) An eigenvector v € R? corresponding to an eigenvalue A € R is a vector v # 0,
such that Av = Av. For such a vector, A3v = A(A(Av)) = A3v. Therefore, 0,
4% = 64 and 6° = 216 are eigenvalues of A. Since a 3 x 3-matrix can have at most
three eigenvalues, these are all the eigenvalues of A. The previous calculation also
shows that the eigenspaces for A and for A3 coincide.
Possible solution 4b: (i) We see that the sum of the first three rows of the matrix is 0.

1
This means that | 1 | is an eigenvector for A. Since the characteristic polynomial
1
1 1 0
does not depend on the choice of basis, we let B = 11,{0],11 Cf
1 0 0
f:R® = R v+ Av, then [f]p. g = A and therefore [f|p. 5 = P g APp. g =
1 10
P.l ;APp. 5. We know that Pp. g = |1 0 1|. We compute P, 5 using
1 00
Gaussian elimination:
1 1 0(1 0 0 1 0 0/]0 0 1
1o1jo1o|™& (101010
1 0 0j]0 0 1 1 1 0(1 0 O
1111111100001 1 0 0j]0 0 1
Sl oo1jor —1 [T 01 001 0 -1
01 0|1 0 —1 0 0 1/]0 1 —1
It follows that
0 0 1 3 -1 =2 1 10 0 -2 =2
flges=(1 0 =1 =1 3 =210 1]=[0 5 1
01 —1 -2 =2 4 1 00 0 1 5

Thus, the characteristic polynomial of A is equal to A(A—5)?—1) = A\(A—4)(\—6)
and the eigenvalues are 0, 4, and 6.
(ii) The eigenvectors of A" = [f]p.p are the coordinate vectors of the eigenvectors
of A with respect to the basis B. We know that N(A’) = span(e;) and therefore
1 1
N(A) = span(| 1]) and a basis of F(0,A) is given by 1| . Gaussian
1 1
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elimination for A = 4 yields

—4 -2 =2 —4 -2 =2
o 1 1 |"S" o 1 1
0 1 1 0 O 0
and backwards substitution yields A\; = 0 and Ay = —\3. Therefore, E(4, A’) =
0 -1 -1
span(| —1]) and E(4,A) = span(| 1 |) with basis 1 . Gaussian
1 0 0
elimination for A = 6 yields
—6 -2 -2 —6 —2 -2
0 -1 1 |"™" o -1 1
0 1 -1 0 O 0
Backwards substitution yields Ay = A3 and \; = —§/\2. Thus, E(6,A") =

2 1

1
2 1
span(| 1 | and E(6,A) = span( % ) with basis %
1

_2 _2
3 3
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. . 10 01 0 0 0 0 :
5. Consider the basis B = {(0 0) ) (0 O) , <1 O> , (0 1)} of Myyo(R) and the basis
C = {1,33'} of P§1<R)

(i) Determine the coordinate vector of ? ;1 with respect to the basis B and the coor-

dinate vector of 2 — 7x with respect to the basis C.
(i) Let f: Maxa(R) — P<1(R) be the linear map given by

f((i Z)) — (a+d)+ (b+c)x.

Determine the matrix of f with respect to the bases B of Ms,2(R) and C' of P<(R).
(iii) Give a basis of the kernel ker(f).

Possible solution 5a: (i) Since

G2 (G ()

2
. 2 4 4 . . .
it follows that = . Similarly since 2 — 7z =214 (=7) -z it
1 8 B 1
8

follows that [2 — Tz]c = (_27 :

(ii) The columns of the matrix f are the coordinate vectors of the images of the basis
vectors in B with respect to the basis C. Thus, we compute

Ay op-r=trro
1() o) =e=011a
r((] Q) =e=0asa
() Vp=1=11400

feen=(3 1 1 o)

(iii) If we let A = [f]c. B, then the kernel of f consists of those matrices v such that
0

It follows that

[v]p € N(A), the null space of A. We see that N(A) = span( _11 (=10 0 1))
0
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and therefore ker(f) = span(<(1) _01 : _01 ?)) and a basis of ker(f) is given
0 —1 -1 0
by {(1 0 ) ’ < 0 1

Possible solution 5b: (i) As in Possible solution 5a.
(i) The matrix of f is the matrix [f]c.p which satisfies [f(v)|c = [flcen[v]s. We
a

have that Ki Z)} = ?| and [f(w)le = [(a+d) + b+ ale = <‘gif)

Therefore, we want to find the matrix [f]c.p such that

(578) = e

We see that this matrix is [f]c.p = ((1) (1) (1) (1))
(iii) The kernel of f is defined as

ker(f) = {v € Maxao(R) [ f(v) = 0}
a b

c d )
the zero polynomial, we need that a +d = 0 and b+ ¢ = 0. Therefore, a basis of

tygenty {3 %), (% D))

QL O R

We have that f( = (a+d) + (b+ c)z. In order for that to be equal to
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6. Let V' be an inner product space and let U C V be a subspace.

(i) Give the definition of the orthogonal complement U+ of U in V.
T

(it) For U = y| €R®|x+2y—2=0p determine orthonormal bases of U and of
z

U+,
Possible solution 6a: (i) The orthogonal complement U~ is defined as
Ut ={veV|{uv)=0forall uecU}.

(i) We start by determining bases of U and of U*. The condition x +2y — 2z = 0 can
be rewritten as

x 1
ylel|l 2 | =0
z -1
1
Thus, a basis for the orthogonal complement of U is given by 2 . Solving
—1
—2 1
x4+ 2y — z = 0 we see that a basis of U is given by 1 1,10] p. We
0 1

now apply the Gram—Schmidt orthonormalisation procedure to obtain orthonormal
basis. For U, we only have to normalize as there is only one vector. Since

1
2 |ll=vi2+22+(-1)2=6
-1
1 1
we obtain that B’ = { — | 2 is an orthonormal basis of U+. Applying the
R
Gram-Schmidt procedure to the basis of U gives:
-2
bp=11
0
-2 1
1 e |0 L
[ 0 ] [-2 1\ (-2 ;
-2 -2 5 5
1 0 1 0 1
1 ° 1
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These two basis vectors form an orthogonal basis of U. To determine an orthonor-
mal basis, we need to normalise them. We have computed that ||t}| = /5 and

65| = \/(%)2 +(3)2+1= \/é. Therefore, an orthonormal basis of U is given

bi_12\/—g
y\/gou\/a

= OUNUT =

Possible solution 6b: (i) An alternative way to define the orthogonal complement of a sub-

space U is to use the projection onto the subspace U. Let {uy,...,u,} be an
orthogonal basis of U (which exists by the Gram—Schmidt orthonormalisation pro-
cedure). Then the orthogonal complement U+ is the kernel of the orthogonal
projection proj;; defined by:

. <U7ul> <U7um>
projy(v) = —u1+ -+ ——Un
u(v) (ur, us) (U, U, )
1
As in Possible solution 6a we see that 2 is an orthogonal basis of U+ and
-1
1 1
we can normalise it to obtain the orthonormal basis { — | 2 . Secondly,
V6 1
1
we observe that the vector | 0 | is in U. Note that a second basis vector of an
1
1 1
orthonormal basis of U has to be both orthogonal to | 2 | as well as | 0
—1 1

From Linear Algebra I, we know that such a vector is given by the cross product
of the two vectors:

1 1 2
2 I x (0] =1-2
—1 1 —2
We finish by normalising these two vectors to obtain the orthonormal basis
AT

—1

—|o],—
v\l vE D
of U.
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7. (i) What kind of curve is {(z) € R?

(i) Sketch the set {(gyc) € R?

T2% + 4oy + 1y = 1}?

42? — 9y? = 1} in the zy-plane.

Possible solution 7: (i) We first write 7% + 4y + y? = 1 in matrix form:

0 1))

17

To show what shape the curve is, we compute the eigenvalues of the matrix

2 1

<7 2). Ilts characterisitic polynomial is (A — 7)(A — 1) — 4 = A2 — 8\ + 3.

Its eigenvalues are 4 + /13, which are both positive (v/13 < /16 = 4). There-
fore, there is an isometry P such that the transformed equation satisfies (4 +
V13)(2)? + (4 — V13)(y')> = 1. This is an ellipse and since isometries don't
change the shape of curves, it follows that the original curve is an ellipse as well.
(ii) The set is a hyperbola with asymptotes y = i%x and intersections with the axes

at (£3,0).
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8. Let V and W be vector spaces.

(i) Let v # vy € V. Let f: V — W be a linear map such that f(v;) = f(v2) # Ow.
Show that v; and v, are linearly independent.

(ii) Let f,g: V — W be linear maps and let u,v € V such that f(u) = g(u) # Oy and
f(v) = —g(v) # Oy . Show that f and g are linearly independent in the space of all
functions V' — W.

Possible solution 8a: (i) We have to show that the equation A\jv; + Ayvy = Oy has only
the trivial solution for A\; and \,. We apply f to the above equation and using
linearity of f we obtain that

Ow = f(Ov) = f(Avr 4+ Aavg) = Ay f(vr) + Ao f(v2) = (A1 + Ag) fn)

By assumption f(v;) # Ow and therefore A\; + Ay = 0. Therefore, the original
equation reads as A\jv; — A\vo = 0. If A\ # 0, dividing by \; yields v; = v5, which
is a contradiction. Therefore we must have A\; = 0 and then \yvy = 0 implies
Ao = 0 as v, can't be the zero-vector since f(v2) # Oy . It follows that v; and v,
are linearly independent.

(ii) To show that f and g are linearly independent, we have to show that the equation
A1 f+A2g = 0 only has the trivial solution A\; = A\ = 0. The equation A\; f+\og =
0 means that A\;f + A\2g is the constant zero function, i.e. its value is zero for
every vector. Therefore we obtain the equations

Af(u) + Agg(u) = Ow
Af(v) + Aag(v) = Ow
Using that f(u) = g(u) and f(v) = —g(v) this yields
(A1 +A2) f(u) = Ow
(A1 = A2) f(v) = Ow

As f(u), f(v) # Ow, it follows that A\; + Ao = 0,A\; — Ay = 0. This linear
system of equations only has the trival solution and therefore f and g are linearly
independent.

Possible solution 8b: (i) We show the claim by contradiction. Assume that v; and vy
were linearly dependent. Since both of the vectors are not equal to the zero
vector (as f(v1) = f(ve) # Ow), it follows that there exists a 0 # A € R with
vy = Avy. Therefore f(vs) = f(Av1) = Af(vi) = Af(ve) and therefore A = 1
since f(ve) # Ow. Thus, vy = vy, a contradiction.

(i) We show the claim by contradiction. Assume that f and g were linearly dependent.
As f(u) = g(u) # Ow, both f and g are not the zero function. Therefore, there
exists a non-zero scalar A with f = Ag. It then follows that f(u) = (Ag)(u) =
Af(u) and therefore A = 1 since f(u) # Oy . Similarly f(v) = (Ag)(v) = =Af(v)

and therefore A = —1, a contradiction.
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