UprPSALA UNIVERSITY ExamMm 2021-08-27
DEPARTMENT OF MATHEMATICS LINEAR ALGEBRA II
SEIDON ALSAODY, MARTIN HERSCHEND, JULIAN Ki.SHAMMER

Writing time: 14:00-19:00. Permitted aids: the course book and your own notes. The exam
consists of 8 problems, each problem worth 5 points. A sum of 18 points is required for the
grade 3, 25 points for the grade 4, and 32 points for the grade 5. All solutions must contain
complete reasoning and not only answers.

Problem 1. Give an example of each of the following, or explain why it does not exist.

(a) A linearly independent subset of P3 (the vector space of all polynomials of degree at
most three) containing 5 polynomials.

(b) A 3 x 3-matrix that is not invertible and that has the eigenvalues 2, 3 and 5.

c¢) An inner product on R? with respect to which the vector 1 has length 2.
0

Solution 1.

(a) The vector space P3 is 4-dimensional. Every linearly independent subset of a 4-
dimensional vector space has at most 4 vectors in it. Therefore, there cannot exist
a linearly independent subset of P53 containing 5 polynomials.

(b) A (quadratic) matrix is invertible if and only if all its eigenvalues are non-zero. Ac-
cording to the problem, the eigenvalues 2, 3, and 5 are all non-zero (and a 3 x 3-matrix
can have at most 3 eigenvalues), therefore such a matrix cannot exist.

(c) Every inner product on R? is given by (z, y) = 27 Ay (for all z,y € R?) for a symmetric
4
positive definite 2 x 2-matrix A. Choosing A = ( 0 (1)) gives that

O1-6)- G- G D) -va-2

This A is obviously symmetric and positive definite since its eigenvalues 4 and 1 are
positive.

Problem 2. In the vector space V of all continuous functions f : R — R we consider the
following three subsets:

(a) Uy ={feV]f2)=r1)}

(b) Us ={f e V]| [f(2) =3},

() Us={feV][f(2) =0}
For each of these subsets, determine whether it is a subspace. Give proper explanation.
Solution 2.

(a) To prove that U; is a subspace we have to show that U; # () and that for all f,g € Uy
and all A € R we have that f +¢g € Uy and A\f € U;.



e To show that U; # () consider the function f which is constantly zero. It obviously
satisfies f(2) = f(1) and therefore is in U;. Thus U; is non-empty.

e Let f,g € U;. This means that f(2) = f(1) and g(2) = g(1). The sum of the
functions f + ¢ thus satisfies

(f+9)(2)=f(2) +9(2) = f(1) +9(1) = (f +9)(1).

Therefore f + g € U;.

e Let f € U; and A € R. This means that f(2) = f(1). The scalar multiplication
Af thus satisfies

(AN)(2) = Af(2)) = A(f(1)) = (AH(D).
Therefore, Af € Uj.

(b) Every subspace of a vector space has to contain the zero vector. The zero vector of
the space of all continuous functions is the function which is constantly zero. This
function does not satisfy f(2) = 3, i.e. is not contained in Us. It follows that Us is not
a subspace of V.

(¢) To show that Us is not a subspace, it suffices to give an example for one of the subspace
criteria not being satisfied. Consider the function f which is constantly one on all of
R. This function is in Us as f(2) = 1 > 0. However, for A = —1, the function \f
is the function which is constantly —1 on all of R. This function is not in Us since
f(2) = =1 # 0. Thus, the subspace criterion \f € Us for all A € R and all f € Us is
not satisfied, and therefore Us is not a subspace of V.

Problem 3. Consider the matrix

0 2 2 2
A=11 2 0 1
2 6 21

(a) Find a basis for the column space of A.
(b) Find a basis for the row space of A.

(c) Does there exist a 3 x 3-matrix with the same rank as A? If so, give an example.

Solution 3. We first perform Gaussian elimination to the matrix A:

0 2 2 2 1 2 01 1 2 0 1 120 1
120 1)|~(02 2 2|~(02 2 2 |~102 2 2
2 6 21 2 6 21 0 2 2 -1 0 00 -3

(a) A basis of the column space of A is given by the first, second, and fourth column of A
as those are the columns containing the pivot elements in the row echelon form of A.

0 2 2
So, a basis of the column space of A is given by v = 11,121],12
2 0 1

(b) As one can see from the row echelon form of A, the matrix A has rank 3, therefore
the three rows of A are linearly independent and thus form a basis of A given by

1 0 0

2] |2 0
E_ 0 9y 2 ) 0
1 2 -3



(¢) Yes, every invertible 3x3-matrix has rank 3, for example the identity matrix

O O =
O = O
= o O

is one such example.

Problem 4. Consider the matrix
1 2 3
A=1|1 2 0
1 -1 0
(a) Is A diagonalisable? If it is, determine a basis of R? consisting av eigenvectors of A, if
it is not, justify your answer.

(b) Is A orthogonally diagonalisable? If it is, determine an orthonormal basis of R? con-
sisting av eigenvectors of A, if it is not, justify your answer.

Solution 4.
(a) The eigenvalues of A are equal to the zeroes of its characteristic polynomial.

1—A 2 3
xA(A) = det 1 2-X 0
1 -1 =X

1 2—-X 11— 2
= 3det (1 1 )—i—)\det( 1 2_)\>
—1-2-2))+ (=T =N)(2-X)-2)

(
A=3) =X\ -3)
(A=3)(\2—3)

The eigenvalues of A are therefore given by 3, v/3, and —v/3. As A has three different
eigenvalues, it follows that A is diagonalizable. To determine a basis of R? consisting
of eigenvalues of A we proceed by computing a basis of the corresponding eigenspaces.

e )\ = 3. We do Gaussian elimination:

-2 2 3 1 -1 0 1 -1 0

1 -1 0)~|0 O 3]~10 0 3

1 -1 =3 0 0 -3 0 0 O
Therefore the eigenspace to 3 is spanned by vi = | 1

e )\ = /3. We do Gaussian elimination:

1—-v3 2 3 1 -1 —/3
1 2-v3 0 |~10 3-vV3 V3 ]|~|0 3-V3 V3

—_
|
—_
|
B

1 -1 -3 0 3—v3 V3 0 0 0
-3+2V3
Therefore the eigenspace to V3 is spanned by vy = -3



e )\ = —/3. We do Gaussian elimination:

1++3 2 3 1 -1 V3 1 -1 V3
1 24v3 0 | ~|0 3+vV3 V3| ~10 3+vV3 —V3
0

1 -1 V3 0 3+v3 —V3 0 0
-3-2V3
Therefore, the eigenspace to 3 is spanned by v3 = V3
3+V3

A basis of R? consisting of eigenvectors of A is therefore given by v = (v, va, v3).

(b) By the spectral theorem, a matrix is orthogonally diagonalisable if and only if it is
symmetric. Since A is not symmetric, it is therefore not orthogonally diagonalisable.

Problem 5.
1 0 0
(a) Determine the base change matrix from the basis v = 0],{0],1(1 to the
0 1 0
2 1 1
basis w = 41,121,111 of R3.
1 3 0
2 1 . . 1 1
(b) Let A = <3 4> be the base change matrix from the basis u = ((1> , <0)> to a

basis t of R2. Determine t.

(c) Let f: R® — R? be the linear map, which with respect to the bases w of R? and u of

111
R? has the matrix (O 1 0). What is the matrix of f with respect to the bases v
and t7?
Solution 5.

(a) To compute the base change matrix from v to w we have to express every basis vector
in v as a linear combination of the basis vectors in w. Doing this for every possibility
yields three linear systems of equations which can be summarized in the following
matrix (on which we perform Gaussian elimination)

21 1|1 00 1 3 0(0 10
4 2 110 01 )~ 211|1 00
1 3 0[{0 10 4 2 110 0 1
1 3 0(0 1 0 13 0|0 1 0
~(0 -5 1|1 -2 0|~ 0 -5 1|1 =220
0 -10 1|0 —4 1 0 0 -—-1]-2 1
13 0,0 1 0 1 3 0]0 1
1 12 1 2 1
00 1 2 0 -1 00112 0 -1
3 13
L0 01-5 -5 &5
~1 010 3 2 -3
00 1,2 0 -—
3 _1 3
R ERC I
Therefore, we obtain Tw = | & £ —x
2 0 -1



1 _
(b) It is convenient to first compute the inverse of A, TE =z ( 4 21>. It follows that

-3
4(1\ 3
t) = - °
=5 ()56
1/1\ 2
ty = —— -
2 5<1>+5

(c) By the base change formula we obtain:

-3 _
5

w-moems=(3 (6 1 o) g
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Problem 6. Show that the surface given by the equation
922 + 1023 + 622 + 4123 = 20,

is an ellipsoid. Determine the points on the ellipsoid which are furthest away from the origin.
The coordinates of these points should be given in the original coordinate system.

Solution 6. The surface is an ellipsoid if and only if the eigenvalues of the associated matrix
are all positive. We determine the eigenvalues, by looking for the zeroes of the characteristic
polynomial of the matrix

9 0 2
A=10 10 0
2 0 6
We obtain
9—\ 2
xA(A) = det 0 0
2 6— A\
:(10—/\)det( 2 )
2
= (10 = X)((9 — N)( —4)

= (10— \)(A2 = 157 + 50)

)

225

Therefore, the eigenvalues are 10 and % +4/5 —50 = The points furthest away

from the origin lie on the principal axis corresponding to the smallest eigenvalue. We compute
the corresponding eigenspace using Gaussian elimination:

4 0 2 4 0 2
05 0]~[05 0
2 01 0 00
1
Therefore, the corresponding eigenspace is spanned by [ 0 |. The length of the principal
-2
axis is 4/ ? = 2 and therefore the points furthest away from the origin are those of length 2
1
on the line through [ 0 |. These are given by + f(l 0,—2).
-2



Problem 7. Determine the solution to the following system of linear differential equations

v o= —2y1,
Yy = 5y1 +  3ye,
vy = 1lyi + 2y + ys.

which satisfies y1(0) = 1, y2(0) = 1, y3(0) = 1.

-2 00
Solution 7. We write the equation in matrix form ¢/ = Ay for A= | 5 3 0]. AsA'is
1 21

lower triangular, its eigenvalues are given by its diagonal entries, —2, 3, and 1. We proceed
by determining bases of the corresponding eigenspaces.

0 00 1 1 0 -1
e For A\ = —-2: 5 5 0] ~ |0 =9 3. Thus, the vector 1 spans the
1 2 3 0 0 O 3
eigenspace to the eigenvalue —2.
-5 0 0 0
e For A =3: 5 0 0 |. Thus, the vector | 1 | spans the eigenspace to the eigen-
1 2 =2 1
value 3.
0
e For A = 1: One can see from the matrix, that the vector | 0 | spans the corresponding
1
eigenspace.
-1 0 0
Substituting y = Sz for S = | 1 1 0] we obtain the system 2’ = Dz for the diagonal
3 11
-2 00 Cre=2t
matrix D = | 0 3 0]. This system has the solution z = | Cze® | and therefore
0 01 Csel
_CI 672t
y=Sz= Cre 2t 4 Coe®t . Taking the initial condition into account we obtain
3016_2t + 026375 + Cget
the additional condition that
1 —-C
1] = C1+ Cy
1 3C1 4+ Cy + (s
Solving this yields C} = —1,Cy = 2,5 = 3, so in summary the unique solution is given by
o2t
y — —6_2t + 2€3t

—3e72t 4 2¢3t 4 2¢t

Problem 8. Let V = { <§> ER? | z=0o0ry= 0}. Define an addition on V' via

-0+ (0)=(37)



-0
()= ()- (1) oo

Which of the vector space axioms are satisfied for V with this addition and the normal scalar
multiplication?

Solution 8. As addition and scalar multiplication are obviously well-defined, there are eight
axioms to check in total.

e Associativity of addition u+ (v +w) = (u+ v) + w does not hold for all vectors. As
a counterexample consider

)+ ((0)+())=(o) + ()= (3
() () + ()= )+ ()= )

e Commutativity of addition v + w = w + v does hold for all vectors. There are three
cases to consider:

x !
—Forv—<0> andw-(()) we have
viw— z+a2"\ [+ Cwav
o 0 o 0 o )

— For v = <x> and w = <0> we have
0 y

V+w= <x—(|)—y> =w+v.

e The zero vector is given by (8) as for the two cases we have (‘g) + (0> _ (l“) and
() (0)-()
y 0 y)

e For the existence of additive inverses, we show that — x) = <—0x and — 0 =

(0) (5)+(3)= C757) = () () (3) ()

e Associativity of scalar multiplication (Au)v = A(uv) does not involve the changed
addition but only the normal scalar multiplication and therefore does hold.



e 1-v also involves only scalar multiplication and therefore does hold.

e The first distributivity A(v + w) = Av + Aw does hold. There are three cases to
consider:

— For v = (g) and w = (:6/) we obtain

A(vHw) = A <‘r Jg x/> = </\($J x1)> = (M JB Ax,) = <A0x> + </\g’J> = AVHAw.
— For w = <2> and w = <5,) we obtain

A(v+w) = A (y _E y’) = ()\(y:)— y’)) = ()\y _S Ay’) = ()f)y)—i_(/\?q/) = AV+Aw.

— For v = (g) and w = (2) for x,y # 0 we obtain

Av+w) = <$+Z/> m—|—y ()\13+)\y) = <)\093> + <)?y> = AV + \w.

e The second distributivity (A + u)v = Av + v holds. There are two cases to consider:

— For v = (g) we obtain

At v = ((A J;)u)m) _ ()\:c ¢ ,ua;>

— For v = <2) we obtain

At ppw = <(>\ fu)y> B <>\y Jor uy> B </\Oy> * (L?y) = AV

We have checked that all vector space axioms except for associativity of addition hold in
this example.
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