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1. Each of the following questions must be answered with YES or NO. If the answer is YES, an example
must be given — not an explanation. If the answer is NO, an explanation is needed.

(a) Ts there a surjective linear map I : R? — R? which is not injective?

Answer: NO. If F' is a surjective linear map, then dimImZF 2. By the dimension theorem
dimKer I7 = 2 (1119\ 0, so Ker I = 0, which means I is injective.

BEN

(b) Is there a symmetric 2 X 2 matrix that is not positive definite?
Answer: YES, e.g., the zero matrix.
(c) Is there a 2 x 2 matrix that is not diagonalisable?

1 2

Answer: YES, e.g., (l 1

) has no real eigenvalue so is not diagonalisable.

2. Determine whether the subset U is a subspace of the vector space V. Justify your answer.
(a) V=Pyand U= {pecV|p'(z) = z}.

Answer: The zero element does not belong to U, so U is not a subspace.
(b) A% A[gxz(R) and U {A € l\[zxz(R) | A A’}

Answer: It is a subspace because:

1. 0t =0, so 0 € U. In particular, U is nonempty.
2. If A,Bc U, then (A+ B)! = A' + B! = A+ B, and thus A+ B ¢ U.
3. If Ac U and A € R then we have (A)t = AA! = XA, so A € U.

3. Let G : Py — P, be the linear map where
Giz*) =z, GlIx)=z+1, G()==

and let IT : P; — R? be the linear map given by ¢ > (¢’(0),g(0)). Consider the bases v = (1,z,2?) of
Py, u = (1,z) of P; and e = (e;,es) of R%.

(a) Find Gy and ITg.
(b) Is the composition I o G a linear map? If yes, find the matrix (I o G)g; if not, explain why.

(¢) Is there a linear map I : Py — Py with ' # G such that H o ' = H o G? If yes, give an example
of such F; if not, explain why.
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4. Let

(a) Find a basis of the column space of A.
(b) What is the dimension of the row space of A?

(¢) What is the dimension of the nullspace (kernel) of A?
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5. Equip R* with the standard scalar product and consider the subspace U = [(1, 1,0), (1,2,2)] in R*. Let
F :R? — R be given by the projection to U.

(a)
(b)
(c
(d

Find an orthonormal (ON) basis in U.
Find an ON basis in U™.
Find the matrix of I in an ON basis of your choice.

Find the matrix of I in the standard basis.
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6. Let the vector space V = Mayyo(R) be equipped with a scalar product (—|—) whose matrix in the basis

(L OY. (0 1y (0 0y (0 o)
0o 0)'\o o)\t o) \o 1)/"

1 00 0
02 0 0
00 3 0}
0 0 0 4

0 0
11

(a) Find the length of ((1) (1]) cV.

Answer: The coordinate vector of €' : < ) € V in the given basis is (0,0,1,1). So |C|?
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6. Let the vector space V = Mayyo(R) be equipped with a scalar product (—|—) whose matrix in the basis

(L O). (0 L) (0 0) (0 0y
0o 0)'\o o)\t o)'\o 1))"®

1 00 0
02 0 0
00 3 0
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a) Find the length of g eV.
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(C]C) =1-04+1-0+3-124+4-1%2 = 7. The length of C is thus /7.

Answer: The coordinate vector of €' : ( ) € V in the given basis is (0,0,1,1). So |C|?

(b) For which A € V is the map I' : V —» R given by FF(B) = (B|A) a linecar map?
Answer: By the bilinearity of scalar product, the map I is a linear map for all A ¢ V.

(¢) For which A € V is the map I' : V —» R given by F(B) = (B|A) an isometry? (IHere, R is equipped
with the standard scalar product.)

Answer: Since an isometry is injective, there is no isometry from V, which is of dimension 4, to
R, of dimension one (e.g., by dimension theorem). So for no A € V the map F' is an isometry.

7. Consider the map @ : R? — R given by
Q(x) = 222 + 222 + 222 + 23129 + 27173 + 27073,
where x = (21, 22, 73).
a) Which type of surface in R® does Q(x 22 give?
(a) ¥ g

(b) Let d be the distance from a point on the surface to the origin. What is the largest value d can
take? What is the smallest value d can take?
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8. Consider the following system of differential equations.

Y1 o+ 4y,
Yh 2u1 + 3ye,

(a) Find all solutions to the system.

(b) Find the solution that satisfies y,(0) L, y2(0) = 2.
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