UPPSALA UNIVERSITET 1MAO032 Ordinary differential equations I
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Joel Dahne 2021-06-05

Allowed aids: writing materials. FEach problem has a maximum credit of 5 points. For the grades 3,
4 and 5, respectively, one should obtain at least 18, 25 and 32 point, respectively. Solutions must be
accompanied with explanatory text

1. Solve the initial value problem

1 , esin2 (z)

cos(x)y " cos(z) 2sin(z)y  y(0) =1.

(5 points)
2. Find the general solution y = y(x) of the equation
Y — 4y + 4y = e*® + 3cosx + 2sin .
(5 points)
3. Find the general solution y = y(z) of the equation
3z
"6y + 9y = .
v = e
(5 points)

4. Consider the differential equation
2,1 2 / _
°y" 4+ (z° +2)y — 2y =0.

a) Show that this equation has a regular singular point at = 0.
b) Determine the indicial equation and its roots.

c) Find a series solution for z > 0 corresponding to the larger root of the indicial equation. It’s
enough to give the first three terms and the recurrence relation for the coefficients.

(5 points)

5. Find the general solution to the system

¥ =3x+5y
:x—y

and sketch the phase portrait.
(5 points)

Please turn the page!



6. Consider the system

et

A
X ——l‘—2y+w'

/

y =Yy

a) Given an initial value (z(to),y(to)) = (z0, yo), what does the existence and uniqueness theorem
for linear systems say about on which interval the solution is defined?

b) Find the general solution to the system.
(5 points)

7. The van der Pol equation is given by
v — p(l — v +u =0,
for a parameter pu € R.

a) Rewrite the equation as a system of first order equations.

b) Show that the origin is the only critical point of the system.

c) Determine the type and stability of the origin for u # 0. For = £2 it’s enough to only give
the stability and you don’t have to determine the type.

(5 points)

8. Consider the system

o =223 — 27
y/ — xB 4 emy7 '
a) Show that the origin is a critical point and that it’s isolated.
b) Determine the stability of the origin. Hint: Search for a suitable Lyapunov function of the form
V(z,y) = az® + by'.

(5 points)



Solutions to exam in 1M AO032 Ordinary differential equations I 2021-06-05

Solution to problem 1. We start by noticing that the equation is of first order and linear in ¥, so we
can solve it using an integrating factor. We rewrite it as

1 , esinz(a:) )
cos(x)y  cos(x) = 2sin(z)y
, ) esinz(m)
cos(x)y ~ 2sinx)y = cos(x)
sinz(x).

<y’ — 2sin(x) cos(z)y = e

The integrating factor is
_ ef—QSinJ;cosx dx
- )

()

x, which can easily be checked and computed using for example the
COS2 x

and the integral is given by cos?

change of variables u = cosz. This gives us the integrating factor u(z) = e
equation with that we get

Multiplying the

cos? xy/ cos® x sin2(z)ecos2 z

e — 2sin(x) cos(x)e y=e

!/ .
The left hand side is given by (GCOS2 ””y) and the right hand side by esin® Feos®z _ o1 _ o Thig reduces
th tion t
e equation to L
(eCOS Iy) = e.

Integrating both sides we arrive at
ecoszzy —ex+(C < y= e_coszz(ex +C)

for some constant C.
The initial value y(0) = 1 gives us

l=e" COSZO(@ 0+0)=e"'C,
so C' = e. The solution to the initial value problem is hence given by
Y= e—c052x(6x+ 6) _ el—cos2w(x + 1) _ esinzz(x_'_ 1)

Solution to problem 2. We start by finding the general solution to the associated homogeneous system
y" — 4y’ + 4y = 0. The characteristic equation is given by r? — 47 4+ 4 = 0 which has the double root
r1,2 = 2. The general solution to the homogeneous equation is thus given by

yp = C1e%® + Chze?® = 62””(01 + Cox).

To find a particular solution we split the right hand side into two parts, €** and 3 cosx + 2sinz. For

e?® a natural choice for the particular solution would be De?*, however that solves the homogeneous

equation and so does Dze®”, we therefore make the guess Yp,1 = Dz2e**. This gives us

Yy, = D2ze + D227,
ypy = D2e** + D8xe® + Dda”e*”

which after insertion into the equation yields

D2e** 4 D8we** + D4x?e®® — 4(D2xe** + D2x%e**) + 4Dx?e** = e*°.

1
Most terms on the left hand side cancel out and we are left with D2e?* = €2, hence D = 3



For 3 cosx + 2sinx a natural guess is y, 2 = Acosz + Bsinx, giving us

Ypo = —Asinz + Bcosz,
Ypo = —Acosz — Bsinx

and insertion gives
—Acosx — Bsinz —4(—Asinx + Bceosz) + 4(Acosz + Bsinz) = 3cosx + 2sin z.
Collecting the terms on the left hand side we arrive at
(34 —4B)cosz + (4A + 3B)sinx = 3cosz + 2sinx.

We thus get the linear system

3A—4B =3
4A+3B =2’
17 6

which can be checked to have the solutions A = %5 B = —25
Putting all of this together we get that the general solution is given by

1 17 6
Y="Yn+Yp1 + Ypo = 62””(01 + Cox) + 5:52623” + % cosx — % sinz.
Solution to problem 3. We start by finding the general solution to the associated homogeneous system
y" — 6y’ + 9y = 0. The characteristic equation is given by % — 67 + 9 = 0 which has the double root

r1,2 = 3. The general solution to the homogeneous equation is thus given by
yn = C1* + Coze®® = €37 (Cy + Cox).

To find a particular solution we notice that the right hand side is not on simple form for which we
could just guess a solution. Instead we try to find a particular solution using the method of variation of
parameters. From above we have that two linearly independent solutions to the associated homogeneous
equation are given by

3z

yp=e and ze3®.

Following the method of variation of parameters the particular solution will be given by y, = u1y1 +u2y2
with

uy = Lid} and uh = L
T w T w
and
0 T T 0
_|n@) we() 0, o) _[pe 9
=) w@l M T e T e

! 2 1122 % 9 1+ a2

We start computing
_ yl(.’L') y?(x) _ 63"8 xe?)x _ 3 3z 3z\ 3rxq 3z __ 6z
W) whe)] T st (@ g apetn| T (T AT mresen =,
0 3x
Wy = e3 e ; = —76306 ze3% = —7x66m
22 (€3* + 3we3®) 1422 1422’
x
3 0 o3 o6
W- 3x — 3x _
2 363./6 1i 5 € 1+$2 1+.’,U2
T
This gives us
W :L,eG:): W 66.1_
ulzil__l—i-mz__ xz u/_72:1+12: 1
7 eb 142272 W bz 14 22



1
The change of variables u = z? gives us u; = —3 log(1+2?) and for uy we immediately get uy = tan™! x.
Notice that we skip the integration constants since we are only looking for one solution. This gives us
the particular solution
1 )
Yp = U1Y1 + U2Ys = ~3 log(1 + 2%)e®” + tan™! (z)ze®”.
The general solution is then given by

1
Y =yn+yp =e*(Cy + Coz) — 3 log(1 4 2%)e®* + tan™! (z)ze3”

1
= ¥(C1 + Coz = S log(1 4 2%) + @ tan™" z).

Solution to problem 4. a) To show that = 0 is a regular singular point we first notice that
2
1 2
p(x) = Lgx =1+ — and ¢(x) = ——;, both of these are clearly singular at z = 0. To see that
x x x

it’s regular we check that zp(z) = 2 + 1 and x?q(xz) = —2 are both analytic, which is clearly the
case.

b) The indicial equation is given by 7%+ (pg —1)r+qo = 0 where pg = zp(0) = 1 and ¢o = 2%¢(0) = —2.
Giving us the indicial equation 72 — 2 = 0, which has the roots ri2 = +1/2.

c) According to the method of Frobenious we are looking for a series solution of the form

0o
y= z" 2 anxn
n=0

where r = v/2 is the larger of the two roots of the indicial equation.
We have

00
_ E n+r
y - anm 9
n=0

oo

y = Z(n +r)a,z" T
n=0
o0
y"' = Z(n +7)(n—1+7r)a,z" 2t
n=0

We want to plug this into the equation, to make the calculations slightly easier we first simplify
each term. We notice that

oo

2y = Z(n +7r)(n —14+7r)a,z"",

n=0
oo

o0
(22 + x)y = Z(n + 1) a4 Z(n +r)a,a™t",

n=0 n=0

Three of the sums have 2" and one of them have 2”111, We rewrite them to all have z"*" and

also start at the same index, this gives us

w?y" = r(r = Dagz” + Y (n+1)(n—1+r)aa™",

n=1

(2% + z)y’ = ragz” + Z(n —1+7)ap_12"" + Z(n +7)a,z" ",

n=1 n=1

2y = —2apx” + Z —2a,x" 1.

n=1



Summing the three expressions we arrive at
(r(r—=1)+r—2)apx” + i(((n +r)(n—1+7r)+n+71)—2)an, + (n—1+7)a,_1)z"T" =0.
n=1
Simplifying it we get
(r? — 2)agx” + 2" i(((n +7)2=2)ap + (n—1+7)a,_1)z™ = 0.
n=1

For = v/2 the first term is zero, for the sum to equal zero we must (by the identity principle) have

n—14+7r
(n+7)?=2)an+(n—14+71)a,_1 =0 < a, = T =3t
for n = 1,2,.... Since we are only looking for a particular solution we can take ay = 1 and this

together with r = v/2 gives us

n—1++2 n—1+2

Up = ————————py] = — Gy
(n+\/§)2—2 ! n2 + 2v2n !

and the three first terms are given by
ap =1,
Vi
T12v2Y T 1R
1+v2  1+v2 V2 V242
T1a a2 T Ir 2142V 01 12V2

Solution to problem 5. We have a homogeneous linear system with constant coefficients, we can hence

write it as
X' = AX with X' = @) and A — (3 5).

a1 =

ag =

1 -1
To find the general solution we need to compute the eigenvalues and eigenvectors of A. For the eigenvalues
we get

3—-A 5 . Y
‘ 1 _1_)\‘(3)\)(1)\)5)\ —2)\ =38,
which has the zeros A\ = —2 and \y = 4.
Next step is to compute the eigenvectors. For A\ = —2 we get
5 5\ (k1) (0
1 1) \ky/) \O
for which one solution is k1 = —ko = 1. Giving us the first eigenvector

k= ().
(" 5)E)-0)
ko= (0)

Combining the eigenvalues and the eigenvectors we find that the general solution is given by

For Ao = 4 we get

which gives us (for example)

X = C1 KM + Oy Kye™? = O <ll> e+ 0 G) e,

or equivalently

y = _01672t + 0264t :
The phase portrait is a saddle point with K7 giving the stable direction and K5 the unstable direction.

{x = Cre ?t + 5Cye*!



Solution to problem 6. a) The system is on the form

b)

X' = AX + F(t)

T 1 _2 e
(). 4= (3 ) - (i

with

The existence and uniqueness theorem tells us that there exists a unique solution to the given initial
value problem on any interval I for which F'(¢) is continuous. We can note that F'(¢) is continuous
as long as 1 — e?' # 0, so as long as « # 0. A solution is therefore defined on any interval I which
contains tg but not 0.

We begin by solving the associated homogeneous system X’ = AX, with X and A as above. Since
A is upper triangular we can read the eigenvalues from the diagonal, they are given by A\ = —1
and Ao = 1. For the eigenvectors we get for A\ = —1

£ 6)-0

for which one solution is k1 = 1, ko = 0. Giving us the first eigenvector
1
k= ()
-2 =2\ (k1) _ (O
0 O ky) \O
1
k= (1)

So the general solution to the homogeneous equation is

For Ao =1 we get

which gives us (for example)

Xh = ClKle)\lt =+ 02K26A2t = Cl <(]j) eit =+ 02 ( 11) Bt

X = (é) e tand X, = <11) et

form a fundamental set of solutions.

and in particular

Next we want to find a particular solution. The right hand side is not on any simple form so we
will use the method of variation of parameters for finding one. For this we need the fundamental
matrix of the system, which in this case is given by

According to the method of variation of parameters a particular solution is then given by
X, =) /@’1(15)F(t) dt.

We have that det ® = e~ *(—e') = —1 so

1 —et —¢€t et et
—1 o _
() = det ® ( 0 6t> - (O et>'
This gives us

et th th
el e — . T at
Xp - @(t) 0 —t 1 — eZt dt == (I)(t) ]_ — e2t dt == q)(t) ]_ —_ th
0




We get that
eZt 1 or
/mdt:filog‘lfe |,

where we ignore the constant of integration since we are only looking for one solution, and thus

1 1
_71 1_ 2t —t t _71 1_ 2t 1 _ 1
Xp=<1><t>< 2°g(|) ¢ '>=(60 ‘. zog(') ) = —Zetogi— e ().

So the general solution is given by

1 1 1 1
X=X+X,=C <O) e t+ (1> et + —ie_tlog|1 — e (0> .

Solution to problem 7. a) To rewrite the equation as a system we introduce the variables x = u

b)

and y = u’. This gives us 2’ = v/ = y and also ' = v’ = pu(1 — v?)u’ —u = p(1 — z*)y — z, hence
we have the system of first order equations

¥ =y
Yy o=pl-aty o

To find the critical points we notice that 2’ = y immediately gives us y = 0. The second equation
we need pu(1 — z2)y — 2 = 0, but y = 0 reduces it to —z = 0 which means that we also have z = 0.
We conclude that the origin is the only critical point of the system.

To determine the type and stability of the origin we will look at the linear part of the system.
Rewriting the system as

¥ =y
Y =—a+py - pxty

we see that the linear part is given by
( : 1) (I>
-1 pw)\y)’

To determine the type and stability of the origin we are interested in the eigenvalues of the matrix

(5)

We get

which has the roots

2 1
)\172:g:ﬁ:\/%—lza(ui\/ﬁ—él).

The type and stability of the origin depends on the eigenvalues and hence on u. We get a few
different cases to consider

(a) If |u| < 2 then p® —4 < 0 so we get complex eigenvalues and the real part is given by /2.
If —2 < <0, so /2 is negative, then we get a stable spiral. If instead 0 < p < 2, so that
/2 > 0, we get an unstable spiral. The case p = 0 we are not asked about but we can note
that in this case the real part is zero so linear part doesn’t given any information about the
type nor the stability.

(b) If u = £2 we have u? —4 =0 so we get a double root A12 = £1. We don’t learn anything
about the type of the critical point in this case, but this is also not part of the question. For
the stability we can note that u = 2 makes it unstable and p = —2 makes it stable.



(c) If |u| > 0 then p* —4 > 0 so we have two distinct real roots A\; and \y. Since y/u2? —4 <

vV 1?2 = || we find that if g < 2 then both A; and A are negative and if g > 2 then both of
them are positive. In the first case we get a stable node and in the second case an unstable
node.

Solution to problem 8. a) The critical points are given by the solutions to the system

b)

0 =22%+24°
0 :xS_ewy'T'

The first equation gives us that z® = —y®> <= 2 = —y. Plugging y = —z into the second equation

we get

7

0=2®+e"2" <= 0=2a1+c"2").

Since 1 + e®z* is always positive the only way for this to be zero is if z = 0, in which case y = 0 as
well. We conclude that the origin is the only critical point of the system, since it’s the only critical
point it is also isolated.

d
To begin with we look for a,b and k,[ such that d—‘t/ has a definite sign. We find that

av _ovde oy
dt Oz dt Oy dt
= kaz" "~ (20% 4+ 2¢°) + lby' " (@® — e*y)
= 2kax™*? + 2kaxt Ly + lbady! T — lbe®y! O,

The terms 2kaz**? and —1be®y' 6 both have definite signs (depending on the sign of @ and b). The
two other terms have varying signs so we try to make them cancel out. For that we need

2kaxt 1y + 1baPy' T = 0 = 2kaxhlyd = —1bady! T,

for all z,y, which only holds if k —1=3,3=10—1 and 2ka = —[b. We get k =4, [ =4 and then
8a = —4b so we can take for example a = 1 and b = —2. This gives us

av
i 82° + 8e"y'?,

which is positive definite.
. dv . ”» N 4 4 - " -
Since —— is positive definite it’s enough to show that V(z,y) = «* —2y" is positive at some point in

every neighbourhood of the origin to get that the point is unstable. Clearly V is positive whenever
y = 0 and hence it’s positive at some point in every neighbourhood of the origin as well.



