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Tillatna hjdlpmedel: en ark papper (A4, bida sidor) med egna handskrivna anteckningar.
Varje problem dr virt 5 poing. Tentamen far skrivas pa svenska, eller engelska.

Allowed aids: one sheet of paper (A4, both sides) with own handwritten notes. Each problem
1s worth & points. The exam may be written in Swedish or English.

[J Kryssa i rutan om Du har avklarat duggan och vill tillgodoriakna dess resultat
istallet for att 16sa tva forsta uppgifter. Obs! Om du skriver nagra losningar till tva forsta
uppgifter och lamnar rutan blank, blir duggans resultat nollstélt.

(Check the box if you have passed the midterm and want to use its credit instead
of solving two first problems. Note that if you write any solutions to the first two problems
while leaving the box blank, the midterm’s result will be annulled.)

1. Consider a metric space (X, d) where X is a (abstract) set and d(z,y) = 1 whenever = # y
(it is called discrete metric space).(a) Prove that the space X is complete. (b) Prove that
X is compact if and only if it consists of finitely many elements

2. Determine for what values of parameter a the series
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is (a) absolutely convergent, (b) convergent, (c) divergent.

3. Let xr1 =1 and let z,,1 = n € N. Find limsup,, . x, and liminf, , z,.

1
Tn+17
. Let e a positive Lebesgue-integrable function on |0, 1|. Prove that the function F(x) =
4. L b itive Leb i ble functi 0,1. P hat the function F’
f[o o f (£)dt is continuous on [0,1]. (Hint: write F'(z,), z, — z, as an integral of a sequence
of functions over the interval [0, 1].)

5. Show that the equation

has a unique solution f € C(][0,1]).

6. Prove that the series
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is convergent and defines a bounded continuous function f on (—o0,00). Find the

C((—00,00))-norm of this function.

7. Prove that the following system of equations has in some neighborhood of (z,y) = (0,2) a
unique solution (u(z,y),v(z,y)) satisfying u(0,2) =1, v(0,2) = 1:

uw—0v? =ux
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8. Let f(x,y) = %5 whenever (z,y) # (0,0). Find the set of limit points (=accumulation

x2+y2
points) for f at (0,0) and determine limsup, .y, f (%, y) and liminf(, )00 f(2,y).




