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For grade 5 the requirement is a total of at least 32 points, for grade 4 at least 25 points
and the limit to pass (grade 3) is a total of 18 points.

1. (a) Let (X,Y ) be a discrete random vector. Suppose E(|Y |) <∞. Prove that

E(Y ) = E(E(Y |X)).

(3p)

(b) Let X1, X2, . . . be a sequence of independent and identically distributed discrete
random variables with E(|X1|) <∞, and let Sn =

∑n
i=1Xi. Show that

E(X1|Sn) =
1

n
Sn.

(3p)

2. (a) Give the definition of moment generating function, ψX(t), of a random variable
X, and give an example of a random variable X where ψX(t) does not exist for
all t in some open interval containing zero. (2p)

(b) Let (X|M = m) ∈ Po(m), where M ∈ Γ(p, a). Find P (X = k) for k = 0, 1 . . ., and
show that X has a negative binomial distribution. (4p)

3. Let X ∈ Γ(p1, a) and Y ∈ Γ(p2, a) be independent and let U = X + Y and V =
X/(X + Y ).

(a) Find the joint distribution of (U, V ) and show that U and V are independent. (4p)

(b) Show that V ∈ β(p1, p2). (3p)
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4. The normal random vector (X,Y ) has moment generating function

ΨX,Y (s, t) = e2s+3t+s2+cst+2t2 ,

where c is a constant.

(a) Determine c so that X + 2Y and 2X − Y become independent. (4p)

(b) Let c be chosen like in (a) so that X + 2Y and 2X − Y are independent. Express

P (X + 2Y < 2X − Y )

in terms of the distribution function of a standard normal random variable. (3p)

5. Suppose X ∈ N(µ,Σ), where X = (X1, X2, X3)
t, µ = (1, 4, 2)t, and

Σ =

 4 −2 −2
−2 4 −2
−2 −2 9

.

Find the conditional distribution of (X1, X2) given that X1 +X2 +X3 = z. (7p)

6. Let (Xn)∞n=1, and (Yn)∞n=1 be two independent sequences of independent and identically
distributed random variables where E(X1) = E(Y1) = µ and Var(X1) = Var(Y1) = σ2,
σ > 0. Let

X̄n =
1

n

n∑
i=1

Xi, S2
X(n) =

1

n− 1

n∑
i=1

(Xi − X̄n)2,

Ȳn =
1

n

n∑
i=1

Yi, S2
Y (n) =

1

n− 1

n∑
i=1

(Yi − Ȳn)2.

(a) Show that

Sn =
1√
2

√
S2
X(n) + S2

Y (n)
p→ σ, as n→∞.

(3p)

(b) Show that

Zn =

√
n(X̄n − Ȳn)

σ
√

2

converges in distribution as n→∞, and find the limiting distribution. (2p)

(c) Show that

Tn =

√
n(X̄n − Ȳn)√

S2
X(n) + S2

Y (n)

converges in distribution as n→∞, and find the limiting distribution. (2p)
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