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Permitted aids: Table with probability distributions (Gut, Appendix B). Calculators are not
allowed.

For grade 5 the requirement is a total of at least 32 points, for grade 4 at least 25 points
and the limit to pass (grade 3) is a total of 18 points.

1. (a) Let (X,Y) be a discrete random vector. Suppose E(|Y|) < oo. Prove that
E(Y) =E(E(Y]X)).

(3p)
(b) Let X1, Xs,... be a sequence of independent and identically distributed discrete
random variables with E(|X1]) < oo, and let S, = > | X;. Show that

1

(3p)
Solution:
(a)
E(E(Y]X)) = ZE Y|X = 2)px(z) ZZypr +(y)px ()
= ZZprY:prx Z pryxy E(Y).
Py (v)
(b) By symmetry E(X;|S,) = E(X2|S,) = ... = E(X,|Sy), and since

Sp = E(Sn[Sn) = > B(Xi|Sn) = nE(X1]S,),
=1

it thus follows that follows that

1
E(X1|S,) = ES”'



2. (a) Give the definition of moment generating function, ¥ x(¢), of a random variable
X, and give an example of a random variable X where 1 x(t) does not exist for

all ¢ in some open interval containing zero. (2p)

(b) Let (X|M = m) € Po(m), where M € I'(p,a). Find P(X = k) for k=0,1..., and

show that X has a negative binomial distribution. (4p)
Solution:

(a) The moment generating function of X is defined by
Ux(t) = E(e),

provided the expectation exists for all ¢ in some open interval containing zero. If
X has a Cauchy distribution, then ¥ x (t) does not exist for all ¢ in an open interval
containing zero.

(b) Since wPo(m)(t) = em(etfl), wF(p,a)(t) = ﬁ: and
UNBin(n,p) (t) = ((1_(+p)et)”, see Gut Appendix B, it follows that the random
variable X has moment generating function

Ux(t) = B(e™) = BB [M)) = B(eME D)
B . B 1 (10 +a))"
= @Z}M(e _1)_(1—a(6t—1))p_<1—a6t>

1+4+a

Assuming p is a positive integer it thus follows from the uniqueness theorem that
X € NBin(p, 17), i-e.

+k—-1
k

P(X:k):(p )( Lok k=012,

1+a” "14+a

3. Let X € I'(p1,a) and Y € I'(p2,a) be independent and let U = X +Y and V =
X/(X+Y).

(a) Find the joint distribution of (U, V') and show that U and V are independent. (4p)
(b) Show that V' € 5(p1,p2). (3p)

Solution:

FU=X+YandV = X/(X+4Y),then X =UV andY =U—-UV = U(1-V). From the
1

transformation theorem, independence, and since fr(p.q) (z) = W:Upflaipe*x/ e x>0,



it follows that

fuv(u,v) = fxy(uv,u(l—v))-

(G2 4)

|—ul

fx (uo) fy (u(l = v))u
= fF(pl,a) (uv)ff(pg,a) (u(l - ’U))U

1 1 1 1
_ pi—1_* _—uv/a 1 — )21 =~ (u(l-v))/a
T T A T !
1 1
_ p1+p2—1_—u/a p1—1c1 _ ,\p2—1
Mol ¢ ot U
1 T S L(p1+p2) , _
— yP1tp2—1 e u/a>< P11 (1 — )P2—1 ,
(v it ) \ Tt Y

Ir(p1+pg,a) (W) fa(1,p2) (@)
u>0, 0<v <.

Thus U € I'(p1 + p2,a) and V € 5(p1, p2) are independent.

4. The normal random vector (X,Y’) has moment generating function

2 2
\I/X7y(s, t) — 625+3t+s +cst+2t

Y

where c is a constant.

(a) Determine ¢ so that X +2Y and 2X — Y become independent. (4p)
(b) Let ¢ be chosen like in (a) so that X 4+ 2Y and 2X — Y are independent. Express

P(X+2Y <2X —Y)

in terms of the distribution function of a standard normal random variable. (3p)

Solution: )
2 2 t,1 14t
‘I’X7Y(S, t) — e2s+3t+s +est+2t7 6t ptst Zt’

z:@ Z)-

Thus if X = (X,Y)!, then X € N(u, X).
HU=X+2Y and V =2X —Y then

-6 D)

where t' = (s,t), p = (2,3)!, and



is a normal random vector with covariance matrix
1 2\ (2 ¢\ (1 2\ [18+4c 3c—4
2 -1 c 4)\2 —1)  \3¢c—4 12—4c¢c)"
24+2¢c c¢+8 1 2
4—¢c 2c—4 2 -1

It follows that U and V are independent if and only if 3¢ — 4 = 0, i.e. if and only if

c=4/3.
Since P(X +2Y <2X —Y) = P(3Y — X <0) and since

3y — X e N((~1 3) <§> (-1 3) <i Z) <_31>) € N(7,38 — 6c) CS%N(?, 30),

it follows that
P(3Y — X < 0) = &(—7//30),

where ® denotes the distribution function of a standard normal random variable.

. Suppose X € N(u,X), where X = (X1,X2,X3),, u = (1,4,2), and
4 -2 =2
YX=1-2 4 =2
-2 =2 9

Find the conditional distribution of (X7, X3) given that X; + X2 + X3 = 2. (7p)

Solution: Let Y7 = X1, Yo = X5 and Y3 = X; + X2 + X3. Then

Vi 10 0\ /X,
Yol =10 1 0 X5,
Ys 11 1) \X;3
is normally distributed with expectation
1 0 0 1 1
010 41 =141,
1 11 2 7
and covariance matrix
100\ /4 -2 -2\ /1 0 0\' 4 -2 0
010 -2 4 =2 01 0] =[-2 4 0
1 1 1 -2 =2 9 1 11 0 0 5

From the block diagonal form of the covariance matrix it therefore follows that Y3 €

N(7,5) is independent of
Y 1 4 =2
() =¥ () (5 %)



and thus

(X1, X)[ X1 + Xo + X3 — 2) €N <<i> , <42 _42)> .

6. Let (X,,)0%, and (Y},)22; be two independent sequences of independent and 1dentlcally
distributed random variables where E(X;) = E(Y1) = p and Var(X;) = Var(Y;) =
o> 0. Let

%-1yx, S3(n) = —— 3 (X — X2,

Y, == - ~Y,)?
i=1 i=1
(a) Show that
Snzi\/s (n) +52(n) & o, asn — oo,
V2
(3p)
(b) Show that B -
Vn(Xn = Yn)
Zy, = Yo — )
a2
converges in distribution as n — oo, and find the limiting distribution. (2p)
(c) Show that B -
V(X — V)
\/ 5% (n) + S%(n)
converges in distribution as n — oo, and find the limiting distribution. (2p)

Solution:

(a) From the law of large numbers it follows that X, LS p and since g(z) = 22 is a

continuous function it follows that ¢(X,) 2 g(u), i.e. X2 5 12 as n — .
From the law of large numbers it also follows that

nooX2
@&E(xf):ﬁ-ﬂﬁ, as n — oo.
n
Thus

1 <& _ SrX2
—(ZX?—nX?l):%—Xi2>02+u2—u2202, as n — 0o,



and thus

R _ _
— D (X7 + X2 - 2X,X,)
=1 1=1

- _ n 1« _
= — O X7 -nX}) = =3 "X -nX2) Lo
n_l(i:1 i n n) ”_1(”i:1 i n n)_>a7

S%(n) = D (Xi— X)) =

n—1

as n — 0.

Similarly S%(n) 2 02, asn — oo, and thus §%(n) + S%(n) 2 202, asn — oc.
Finally, since g(z) = \/z/2 is continuous it follows that g(S% (n)+5%(n)) = g(o?)
Le.

\/52 )+ 52(n) 2 g, asn — oco.

The sequence (X; — Y;)2, is i.i.d. and E(X; — Y;) = E(X;) — E(Y1) = 0, and
Var(X; — Y1) = Var(X;) + Var(Y;) = 202. It therefore follows from the central
limit theorem that

\/H(Xn - Yn) Z?:l(Xi - Y;) d

Ly = = — Z, as n — 00,

ov?2 ov2n

where Z € N(0,1).
The results in (a) and (b) and Slutsky’s theorem gives

>
W ()

where Z € N(0, 1), since Z, A Z,and /S, B 1, as n — oo since g(S,) = g(o)
for g(z) = o/x, since o is a continuity point of g.

"<j|

d
=0Z,/Sn — Z, as n — 00,



