UPPSALA UNIVERSITY Exam in Mathematics
Department of Mathematics Probability theory II, 1MS036
Orjan Stenflo October 19, 2020, 14-19

Permitted aids: Pen/Pencil and eraser. An extended version of Gut, Appendix B, is distributed
with the exam. No other aids are allowed. In particular, all forms of communication (except
with the course coordinator) are strictly forbidden, and calculators are not allowed.

For grade 5 the requirement is a total of at least 32 points, for grade 4 at least 25 points
and the limit to pass (grade 3) is a total of 18 points.

1. Find the unique distribution of a random variable X with moments, E(X*), & > 1,

given by
E(Xk) _ p%k if £ is even. '
0 if k is odd
Hint: It may be helpful to know that “=¢— = $"7° % (6p)

2. Let X and Y be independent exponentially distributed random variables with mean a.

(a) Find the conditional density of X given that X + Y = t, where ¢ is a positive
constant. (4p)

(b) Find Var(X|X +Y). (2p)

3. Let X be an exponentially distributed random variable with mean 1. Let N be the
integer part of X and D be the fractional part of X, i.e. N =|X| and D =X — N.

(a) Show that N and D are independent. (3p)
(b) Find the distribution of N. (2p)
(c) Find the distribution of D. (2p)

4. Let (X,)°, be a sequence of independent L(a)-distributed random variables and let
SN = >.,_1 Xi where N is a random variable, independent of (X,,)?2 ,, with probability

n=1>

generating function gy (t) = 1%, [t| < 4/3. Show that STN € L(a). (7p)
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5. Suppose X € N(u,X), where X = (X1,Xo,X3)", n = (1,2,-1)}, and
1 0 1
X=10 1 0).Let Vi =X7+X9o—2and Yy = X7 +3X3+ 2.
1 0 2
(a) Find the joint density function of (Y7, Y3). (4p)
(b) Find a constant ¢ such that Y7 and X; 4+ ¢X3 are independent or prove that no
such constant exists. (3p)

6. Let (X;)i>1 and (Y;);>1 be two independent sequences of independent discrete random
variables with P(X; = —-1)=P(X; =1)=P(Y; =1) = P(Y; =2) = 0.5 for any i > 1.
Show that

(DI XD (T, V)
i Xi + 2 VP

converges in distribution as n — oo, and find the limiting distribution. (7p)




B

Some Distributions and Their Characteristics



Discrete Distributions

Followingis a list of discrete distributions, abbreviations, their probability functions, means, variances, characteristic and momentgenerating functions.

An asterisk (*) indicates that the expression is too complicated to present here; in some cases a closed formula does not even exist.

Distribution, notation Probability function EX Var X px(t)
One point pla) =1 a 0 e'te
é(a)
Symmetric Bernoulli p(-1) =p(1)=3 0 1 cost
Bernoulli p(0)=gq, p(1)=p; g=1-p P pq g+ pe*
Be(p), 0<p<1
Binomial pk) = (})p*¢" %, k=0,1,...,n; q=1—-p  mp npq (g + pe*)™
Bin(n,p),n=1,2,...,0<p<1
; _ .k _ o — q q p
Geometric p(k)=pg¢°, k=0,1,2,...; g=1—p » P - ge
Ge(p),0<p<1
) _ 1 q pett
Y R
First success pk)=p¢" ", k=1,2,...; g=1—p " pes T get
Fs(p),0<p<1
. . . _ (n+k-1\.n k _ . q q n
Negative binomial p(k) = (" Hp"d", £=0,1,2,.. :m :m =)
NBin(n,p), n=1,2,3,..., g=1-p
0<p<1
3\0 it
Poisson pk)y=e™ ™ R k=0,1,2,... m m em(e" 1)
Po(m), m >0 )
Np\( Ng
k n—k N-—n
Hypergeometric p(k) = N , k=0,1,..., Np; np  npg *
mAzu\Zamovvs;“OgHu...“Z“ n Q“H_.l.wuv
N=1,2,.... n—k=0,...,Ngq
1 2

=0,—,—,....1
D PZ“ZQ )

Yx(t)

mna

(et + e")/2
q + pe*

(g + pe*)”



Continuous Distributions

Following is a list of some continuous distributions, abbreviations, their densities, means, variances, characteristic and momentgenerating functions.
An asterisk (*) indicates that the expression is too complicated to present here; in some cases a closed formula does not even exist.

Distribution, notation  Density EX Var X px(t) ¥x(t)
Uniform/Rectangular
1 2 (it _gita eth _gta
Ul(a,b) fl@)=3—— a<z<b 3(a+0b) (b —a) =) To=ay
U(,1) f@)=1,0<z<1 1 .y e 1 el
U(-1,1) f@) =14, lal <1 0 3 e =
Triangular
. _ M M a lT @ 1 1 2 Q:v\w|m:ﬁ\w 2 m;\wlmna\m 2
Tri(a, b) f@)= 5= AH e LR _v La+b) (b—a) AJIM%'& ) (2es)
a<z<b
st \2 2
Tri(—1,1 =1-= 1 sin et/2_o—t/2
vi(-1,1) f@=1-1lal, Jal <1 0 ; (%) (2=
Exponential f(z) = 1 e £>0 a a? % 1
a 1—ait 1 — at
Exp(a), a >0
Gamma, flz) = 1 P! L e %/ >0 pa pa’ _ 1
I'(p) aP ’ (1 —ait)? T e
I'(p,a),a>0,p>0 (1~ ai)
. 1 1o._ 2 _ 1 1
Chi-squ = gn—1(1 n/ z/2 >0 2 —_— -
quare @) = Fay e ()" e x n n 1= 2it)"/2 (1—2t)n/2
x’(n),n=1,2,3,...
Laplace flz)= qumLs_\a —00 < T < 00 0 2a? 1 1
2a ’ 1+ a2t2 1 —a?t?
L(a),a>0
'r+s) ,_; 1 T TS
Beta = — 7 27 1—2x)° * *
° 1@ =t 49T r¥s  GFoPrEsTD)

B(r,s), r,s >0

o0<zr<l1



Continuous Distributions (continued)

Distribution, notation Density EX Var X ex(t) ¥x(t)
Weibull fz) = F5zt/0 el 150 PT(B+1) a® (T(28 +1) *

W(a,B), a,8 >0 -T'(B+ va
Rayleigh flz) = m.&mIHM\Q_ z>0 w T ol — mﬁv *

Ra(a), a>0
Normal

th Q.wv .\A.\hv = <w| mlwﬁ&ltvw\«wm w o2 @&tmlwﬁuQm mtﬁ._.w“mqu

Kl b o Mﬂ. M
—co< u<oo,0>0
—0o< T <o
1 _.2 42 t2/2
N(0,1) flz) = e /? —co<z<oo 0 1 et /2 e
V2
HgomlbOHB@H .\Aav —_ IHI',/\M| Q'WCOM HIEVM\QM“ x v O mtn*anw mmt. AQMQN _ WQMV *
oxV2r
LN(p,0%),
—oo< pu<oo, >0
) _ e 1 n *

AMHCQ@bﬁmvw \.A.&.v|§ Gﬂ%ﬁgg 0 3\|Mu3\VM

t(n),n=1,2,...

—o< <o

L _ r(mgny(mym/2 gm/2-1 n 2(m+2) ’

Amuum_ﬂow mv F .\.ARV — ﬁw%v_.&wmwv : AH+ﬁVA3+:V\N ’ 27 SAN\IMXS.I& - As.ﬂlswv ’ *

F(m,n), m,n=1,2,...
z>0 n > 2 n>4



Continuous Distributions (continued)

Distribution, notation Density EX Var X px(t) Yx(t)
Cauchy
C(m,a) flz)y=1%- Ty~ <z <00 A A ermt—ealtl A
C(0,1) \A&VHW. H._M_amv —00 < T < 00 A A eIt A
Pareto %A&VHMMWT z>k QQIwH,QVH AQIMWMMICN“QVP *

Pa(k,0), k>0,a>0



