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Permitted aids: Pen/Pencil and eraser. An extended version of Gut, Appendix B, is distributed
with the exam. No other aids are allowed. In particular, all forms of communication (except
with the course coordinator) are strictly forbidden, and calculators are not allowed.

For grade 5 the requirement is a total of at least 32 points, for grade 4 at least 25 points
and the limit to pass (grade 3) is a total of 18 points.

1. Find the unique distribution of a random variable X with moments, E(Xk), k ≥ 1,
given by

E(Xk) =

{
1

1+k if k is even.

0 if k is odd
.

Hint: It may be helpful to know that ex−e−x

2 =
∑∞

k=0
x2k+1

(2k+1)! . (6p)

2. Let X and Y be independent exponentially distributed random variables with mean a.

(a) Find the conditional density of X given that X + Y = t, where t is a positive
constant. (4p)

(b) Find Var(X|X + Y ). (2p)

3. Let X be an exponentially distributed random variable with mean 1. Let N be the
integer part of X and D be the fractional part of X, i.e. N = bXc and D = X −N .

(a) Show that N and D are independent. (3p)

(b) Find the distribution of N . (2p)

(c) Find the distribution of D. (2p)

4. Let (Xn)∞n=1 be a sequence of independent L(a)-distributed random variables and let
SN =

∑N
i=1Xi where N is a random variable, independent of (Xn)∞n=1, with probability

generating function gN (t) = t
4−3t , |t| < 4/3. Show that SN

2 ∈ L(a). (7p)
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5. Suppose X ∈ N(µ,Σ), where X = (X1, X2, X3)
t, µ = (1, 2,−1)t, and

Σ =

1 0 1
0 1 0
1 0 2

. Let Y1 = X1 + X2 − 2 and Y2 = X1 + 3X3 + 2.

(a) Find the joint density function of (Y1, Y2). (4p)

(b) Find a constant c such that Y1 and X1 + cX3 are independent or prove that no
such constant exists. (3p)

6. Let (Xi)i≥1 and (Yi)i≥1 be two independent sequences of independent discrete random
variables with P (Xi = −1) = P (Xi = 1) = P (Yi = 1) = P (Yi = 2) = 0.5 for any i ≥ 1.
Show that

n−3/2
(
∑n

i=1Xi)(
∑n

i=1 Yi)
2∑n

i=1Xi +
∑n

i=1 Y
2
i

converges in distribution as n→∞, and find the limiting distribution. (7p)












