UPPSALA UNIVERSITY
Department of Mathematics
Orjan Stenflo

Exam in Mathematics
Probability theory II, 1MS036
October 19, 2020, 14-19

Permitted aids: Pen/Pencil and eraser. An extended version of Gut, Appendix B, is distributed
with the exam. No other aids are allowed. In particular, all forms of communication (except
with the course coordinator) are strictly forbidden, and calculators are not allowed.

For grade 5 the requirement is a total of at least 32 points, for grade 4 at least 25 points
and the limit to pass (grade 3) is a total of 18 points.

1. Find the unique distribution of a random variable X with moments, E(X*), & > 1,

given by

0 if k is odd

E(Xk) _ {1-1% if kis even.'

Hint: It may be helpful to know that

et—e” "

2k+1
5 = Xk=0 GRTT (6p)

Solution: The random variable X has moment generating function

Yx ()

[e.9]

k k
E(etX) — Zt E(X )
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k=0

tQkE(XQk)
(2k)!
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Thus, by Gut, Theorem 3.1. page 63, X € U(—1,1).

2. Let X and Y be independent exponentially distributed random variables with mean a.

(a) Find the conditional density of X given that X + Y = t, where ¢ is a positive

constant.

(b) Find Var(X|X +7Y).

Solution:

(4p)
(2p)



(a) If Z=X+Y, then Z € I'(2,a), since X and Y have moment generating functions
Yx(t) =Py (t) = 12, t < 1/a, and thus Z has moment generating function

Yz(t) = vx(t)y(t) = t<1/a,

1
(1 —at)*’
i.e. the moment generating function of a I'(2,a

)-
_ fxz(@t)  fx@)fy ()
fX|X+Y:t('r) - fZ(t) Zt)

distributed random variable. Thus

—lg—z/ay(g—1lg—(t—2)/a
- t2)(1 —2¢—t/a )):t_lv t>0, 0<z<t.
F(Q) a “e

Thus (X|X +Y) e U0, X +Y).
(b) Since a U(a, b)-distributed random variable has variance (b — a)?/12 we have
X+Y)?
Var(X|X +Y) = (1+2)

. Let X be an exponentially distributed random variable with mean 1. Let N be the
integer part of X and D be the fractional part of X, i.e. N =|X| and D =X — N.

(a) Show that N and D are independent. (3p)
(b) Find the distribution of N. (2p)
(c¢) Find the distribution of D. (2p)

Solution: The random variable X has distribution function

Fx(t)=P(X<t)=1—-¢"" t>0.
P(N<n,D<z) = PUi_{k <X <k+z})

= Y Pk<X<k+a)
k=0
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so N € Ge(1 — e ') and D has distribution function

0, t<0
Fp(t)=4+%, 0<t<1,
1, t>1

and N and D are independent.

. Let (X,,)22, be a sequence of independent L(a)-distributed random variables and let
SN = ;.1 X; where N is a random variable, independent of (X,,)>2, with probability
generating function gy (t) = 1%, [t| < 4/3. Show that STN € L(a). (7p)

Solution: Since the moment generating function of an L(a)-distributed random variable
1

is given by ¥p(4)(t) = 1=z, [t| < 1/a, and since
Ysy (t) = E(e2) =E(E(2[N))

N
= B(E(e2 2= Y |N)) = BE([T e3¥|V))
=1

= B((x,(t/2)")
= on(x(1/2)) = o (=)
1
T ePA 1 1
o 4-3—L,-  4(1—a??/4) -3  1-a’t?’ th<1/a,

1—a?t?/4

and the moment generating function uniquely characterizes the distribution, it follows
that 22 € L(a).

. Suppose X € N(u,X), where X = (X1,X2,X3), o = (1,2,-1)% and
1 01
X=10 1 0).Let Yi=X7+Xo—2and Yo = X7 +3X3+ 2.
1 0 2
(a) Find the joint density function of (Y7, Y32). (4p)
(b) Find a constant ¢ such that Y7 and X 4+ ¢X3 are independent or prove that no
such constant exists. (3p)
Solution:

(a) It follows (from Gut, Theorem 3.1, p.121) that the random vector
X1

Yl) (1 1 0) (—2)
Y = ( — X, | + ,
Y, 1 0 3 X 2



is normal with mean vector

/110
P=11 0 3

and covariance matrix

1
1 10
5=(1 030

Thus, (See Gut Theorem 5.1, p.125),

O = O
N O =

frly) = 1 1 to-wEty-w

C 27 Jdet(X) ’

25 —4

and since det(X) =50 — 16 =34 and X~ = ; (_4 )

>, it follows that

1 1

1 2 2
— — 55 (25y7 +2y3 —50y1 —8y1y2+8y2+25)
foviyve) (W1,92) = 5 e 68 :
T /34

(b) The random vector (Y7, X1 + ¢X3)! is normal with covariance matrix

2—110(1)(1)(1)110t—2 14c
_100102100_1+cl+2c—|—202’

so if ¢ = —1 then the covariance matrix is diagonal, and thus, it follows (from Gut,
Theorem 7.1, page 130) that Y7 and X; — X3 are independent.

. Let (X;)i>1 and (Y;)i>1 be two independent sequences of independent discrete random
variables with P(X; = —1)=P(X; =1)=P(Y;=1) = P(Y; =2) = 0.5 for any i > 1.

Show that . . )
n—3/2 (Xim1 Xi) (i Ya)
i Xi+ i Y
converges in distribution as n — oo, and find the limiting distribution. (7p)

Solution: We want to study the limit of

n n ZZL: X; ZZL: Yi\2
(T X v (R

n . n 2 n ; n 20
i Xi+ 2 Y] 21:711 X 2V

n

as n — oo. By the (weak) law of large numbers

n
e
i Xi p, E(X;) =0,
n



I 1
@ LN E(Y?) = (12 +22) = 5/2,

n 2
and "y )
Zizl S HEM) =5(1+2) =3/2,

2

as n — oo, and thus since g(z) = x* is continuous is follows that

2 iz Yi
n

9( ) = g(B(Y)),

i.e.

(=i B (v = (37292 = 074,

as n — oo. Since E(X;) = 0 and Var(X;) = 1 it also follows from the central limit
theorem that
i Xi
n

NV 4 N(0, 1),

as n — 0o. By using Slutsky’s theorem we therefore get that

as n — oo, where Z € N(0, 1), and (by Gut, Theorem 6.2, p. 167)

Z?:l Xi + Z?:l Y;Q
n n

(

)

e

25/2,

as n — oo, which (by using Slutsky’s theorem) gives that
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= = —2 &€ N(0,0.81
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as n — oQ.



