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Department of Mathematics Exam
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Exam in Probability 11
August 23, 2024
Ezaminator: Cecilia Holmgren, cecilia@math.uu.se.
Help allowed at the exam: Table with probability distributions (Appendix B). Calculators are not

allowed.
Grades: Maximum score is 40 points. The following limits hold for the different grades:

3 4 5
18 25 32

All motivations should be clear and easy to follow.

Problem 1
a) Let X and Y be random variables. Suppose that E(|Y]) < co. State a relationship between
E(Y|X) and E(Y). You don’t have to prove this. (1p)

b) Suppose that the number of children in a family is a random variable X with E(X) = u,
and given X = n for n > 1, each of the n children in the family is a girl (independently)
with probability p and a boy with probability 1 — p. (Note that the number of girls could be
written as G = 1{A;} + 1{A2} + --- + 1{A,} where A; is the event that child 7 is a girl.)

Show that E(G) =p - p. (3p)
Problem 2
a) Define convergence in probability X, L X ofa sequence X,,, n > 1 of random variables.
(1p)
b) Define convergence in distribution X, 9 X ofa sequence X,,, n > 1 of random variables.
(1p)
c) Let Xj, k> 1 be independent N(0,1) distributed random variables. Show that
X d
————— = N(0,1) as n — oco.
(5 2y X))/
(3 p)
Problem 3
Let X and Y be independent random variables with a multivariate distribution
222+3y) O0<z,y<l1
flz,y) = {5( ) :
0 otherwise.
Decide the functions E(Y | X =) and E(X | Y =y). (7 p)



Problem 4

Let X and Y be independent random variables with a multivariate distribution

2(2r+4+3y) O<my<l1
0 otherwise.

f(fay):{

Decide the distribution of 2X + 3Y. (7 p)

Problem 5

a) Give one definition of when a random vector X is multivariate normally distributed. (You
can choose any of the definitions that were discussed in the lectures.) (2 p)

b) Suppose that the random vector X has a multivariate normal distribution with expected
value p (which is a vector) and covariance matrix ¥ i.e., X ~ N(u,X). Suppose that the
random variable Y = BX + b for some matrix B and some vector b. What is the distribution
of Y? (1p)

c) Let Zy,Z5,Z3, Z4 be independent and N (0, 1) distributed. Let
Xi=21+2s, Xo=2o+ 23, X3=23+ 2.

Decide the distribution for (X7, Xo, X3). Which pairs of the X;-random variables are depen-

dent respectively independent? (6 p)
Problem 6
Let X, Xs,..., be independent random variables with finite expected values F(Xj) = pi and

finite variances Var(Xy) = o7. Suppose that
I I
— — and — 02 0% as n— oo,
- ; k= - ; i

where | p |< oo and 02 < co. Show that the weak law of large numbers hold i.e., for the sum
Sh :Zzlek we have % ﬂ)/,l, as n — oo.
(8 p)

Good luck!



