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All motivations should be clear and easy to follow.

Problem 1

Let X1, X2, . . . Xn be independent and equally distributed random variables distributed as X. Let
N be a nonnegative and integer valued random variable independent of X1, X2, . . . , Xn. Suppose
that E(N) < ∞ and E(|X|) < ∞. Let Sn = X1 +X2 + · · ·+Xn.

a) Express a formula for E(SN ). (1 p)

b) During a Christmas day at the amusement park Liseberg there is a Poisson number of people
Po(λ), where λ = 500 who try to throw boots in a bucket. For each boot that a person
throws the chance to hit is 11 %. Suppose that each person throws 7 boots. What is the
expected value and variance for the number of boots in the bucket during the day? Hint:

When V ar(N) < ∞ and V ar(X) < ∞, we have

V ar(SN ) = E(N)V ar(X) + (E(X))2V ar(N).

(4 p)

Problem 2

The three-dimensional continuous random variable (X,Y, Z) has simultaneous density

f(x, y, z) = 9z2(x+ y), 0 < x < 1− y; 0 < y < 1; 0 < z < 1.

a) Determine the conditional distribution for X given Y = y. (3 p)

b) Determine E(X|Y ) and P (E(X|Y ) ≤ 1
3 ). (4 p)

Problem 3

Let X1, X2, . . . Xn be positive independent and equally distributed random variables with mean
µ > 0 and �nite variance σ2 > 0. Let Sn = X1 +X2 + · · ·+Xn and show that

a) √
Sn −√

nµ → N(0, b2), n → ∞

and determine the constant b. (5 p)

b) Is it possible if we let X1, X2, . . . Xn be positive independent and equally distributed random
variables with mean µ = 0 that the statement in a) is still true? (2 p)
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Problem 4

Let N and X1, X2, . . . be independent random variables with N ∼ Po(µ) and Xi ∼ Po(λ). Let
Sn = X1 +X2 + · · ·+Xn.

a) Determine the probability generating function for SN . (3 p)

b) Determine P (SN = 0) and P (SN = 1). (2 p)

c) Determine E(SN ) and V ar(SN ) for µ = 5 and λ = 8. (2 p)

Problem 5

Let Y1 = 3X1−2X2+X3 and Y2 = X1+X2+X3−5, where X = (X1, X2, X3)
′ has a 3-dimensional

multivariate normal distribution with mean vector µ =

1
2
0

 and covariance matrix

Λ =

 4 −1 −2
−1 2 0
−2 0 2

 ,

respectively.

a) Determine the mean vector and covariance matrix for Y = (Y1, Y2)
′. (3 p)

b) Determine P (Y1 ≤ 0 | Y2 = −2). Express the answer with help of the distribution function ϕ
for a standard normal distribution. (4 p)

Problem 6

Let X and Y be independent random variables so that X ∈ U(0, 1) and Y ∈ U(0, α), where we
assume that α ≥ 1. Determine the density function fZ(z) for Z = X + Y for all values of z. Note
that there could be several di�erent cases depending on how z relates to α. (7 p)

Good luck!
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