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Examinator: Cecilia Holmgren, cecilia@math.uu.se.
Help allowed at the exam: Table with probability distributions (Appendix B). Calculators are not
allowed.
Grades: Maximum score is 40 points. One could also get 3 additional bonus points in total from
the hand-in assignments. The following limits hold for the di�erent grades:

3 4 5
18 25 32

All motivations should be clear and easy to follow.

Problem 1

a) De�ne the concepts convergence in distribution (
d→) and convergence in probability (

p→) for
a sequence of random variables. (3 p)

b) Toss a symmetric coin and let X = 1 if one gets head and X = 0 if one gets tail. Let
X1, X2, . . . , be a sequence of random variables, where X2n = X and X2n−1 = 1 − X for

n = 1, 2, . . . , Show that Xk
d→ X but Xk

p
��→ X as k → ∞, i.e., convergence in distribution

holds but convergence in probability does not hold. (4 p)

Problem 2

Let X1, X2, . . . be independent, identically distributed random variables with Xi ∼ Po(λ). Let
N be an independent random variables of all Xi, where N ∼ Po(µ). Consider the sum SN =
X1 + · · ·+XN .

a) Determine the probability generating function for SN . (2 p)

b) Determine P (SN = 0) and P (SN = 1). (2 p)

c) Determine E(SN ) and V ar(SN ). (2 p)

Hint: You may want to apply the general formula for the variance: V ar(Y ) = E(V ar(Y | X) +
V ar(E(Y | X).

Problem 3

Let X and Y be independent random variables, where X ∈ Exp( 1a ) and Y has density function

fY (y) = e−(y−b), y ≥ b. Let
U = aX + Y, V = aX − Y.

Determine the joint density fU,V (u, v) as well as the marginal densities fU (u) and fV (v). Are
U and V independent?

(6 p)
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Problem 4

Let Z = (Z1, Z2, Z3)
T , where Zi are independent N(0, 1) random variables. Let b =

 1
2
1

 and

B =

 1 0 −1
2 1 −2

−2 0 3

 .

Let X = (X1, X2, X3)
T = BZ + b (the notation T in Z and X denotes they are column vectors).

Determine the conditional distribution of X2 given X1 = x.
(7 p)

Problem 5

Let X ∼ Bin(n, p). If p is unknown it is usually estimated as p̂n = X
n . Show that

Yn =
p̂n − p√

p̂n(1− p̂n)/n

converges in distribution as n→ ∞ and determine the limit distribution. Hint: Use that a binomial

distribution can be regarded as a sum of i.i.d. Bernoulli random variables. (7 p)

Problem 6

Suppose that the n-dimensional random vector X has moment generating function

ψX(t) = exp{
n∑

i=1

t2i +
∑

1≤i<j≤n

titj}

.

a) Determine the distribution for Yn = 1
n

∑n
i=1Xi. Hint: Use that the moment generating func-

tion of a multivariate random variable is de�ned as ψX(t1, t2, . . . , tn) = ψX(t) = E(exp{tTX}).
(4 p)

b) Examine if Yn converges in distribution and determine in that case the limit distribution.

(3 p)

Good luck!
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